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Chapter 1 Distorted Steady State Model

1 The Model

1.1 Distorted Steady State Model
1.1.1 Households in the SOE

Households’ optimization problem in the SOE is given by:
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The Lagrangean is given by:
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Combing Egs.(1-1-1), (1-1-2) and (1-1-4) yields:
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Combining Egs.(1-1-1) and (1-1-6) yields:
1.1.3 International Risk sharing Condition
Egs.(1-1-7) can be rewritten as:
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In the rest of the world (ROW), there might be the same condition:
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Combining the previous expressions each other yields:
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Dividing both sides of the previous expression by R, yields:
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where we use the definition of the real exchange rate. Further, the previous expression

can be rewritten as:
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by raising both sides to —1th power. Note that we assume for all t.
In the period —1, the previous expression is given by:
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Let define ﬁz—c* —= asaninitial condition. Then the previous expression can be
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generalized as follows:
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We assume that the discount factor shifter for foreign households follows:
Z,=2,7,,.(1-1-17)
Plugging Eq.(1-1-17) into Eq.(1-1-15) yields:
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World interest rate remains unchanged in response to Z, ,. However, the world interest

rate is assumed to respond to Z;t by adjusting the real interest rate to keep C: .

Latter assumption implies as follows:
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Plugging Eq.(1-1-19) into Eq.(1-1-18) yields:
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In period O, the previous expression can be rewritten as:
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with ¥, = 3 ' ==L . Then the previous expression can be generalized as follows:
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Plugging Eq.(1-1-20) into Eq.(1-1-16) yields:
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1.1.8 Optimal Allocation of Goods

Let define consumption indices as follows:
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By solving cost-minimization problems for households, we have optimal allocation of

expenditures as follows:
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Now, we get total demand for goods produced in the SOE and the ROW. Optimazation
problem is given by:
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The Lagrangean is given by
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Plugging Eq.(1-1-35) into Eq.(1-1-27) yields:
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The definition of the PPl in the SOE is given by:
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which can be rewritten as:
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Further, Eq.(1-38) can be rewritten as:
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Plugging the previous expression into Eq.(1-1-36) yields:
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Then we have:
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We assume that:
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1.1.9 Market Clearing Condition
The market clearing conditions in the SOE is given by:

Y. (i)=C, (i) +EX,(i). (1-1-68)
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Plugging Egs. (1-1-31), (1-1-32), (1-1-39),(1-1-70), (1-1-72) and (1-1-73) into Eq.(1-1-68)
yields:
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We assume that the global market clearing condition is given by:
Y, =¢, .(1-1-77)

because 1—v=a and v =0.
1.1.10 Firms
Production function is given by:
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Plugging the production function into Eq.(1-1-70) yields:
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Integrating the previous expression yields:

—c

g (P ()] Y
\/;Nt(l)dI:j;l-’I;—() i

H,t

:fl PH,t(i> dii
0

P

H,t

which can be rewritten as:

YA
N, =—5%  (1-1-80)
A

t

with Nt:let(i)di and:
0

Ap,t = Ll[@

H,t

dh . (1-1-81)

The FONC for firms is given by:
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1.1.11 Optimal Wage setting
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Consider a household resetting its wage in period t to maximize:
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The maximization of Eq.(1-1-84) is the subject to the sequence of labor demand
schedules and a sequences of budget constraints of the form:
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We now make explicit that the households can pool labor income risk through
government debt. Each household j reoptimizing the wage at a given time t will choose
the same optimal wage. Because of this, we can abstract from index j on Eqgs. (1-1-85),
(1-1-86) and (1—1—87). Then these are given by:
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Because of Egs.(1-1-88) and (1-1-90), the Lagrangean is given by:

1=

k=0

Et InCt+k 1+@Nt1:1;|t +>\t+klt( Nt+k|r Pt+kCt+k> ,

which can be rewritten as:

L= [InC —ENSJP]Z +>\r|t( Htlt Ptct>

_|_ﬁgWEt +...

[Inct+1 1+ Ntllet]ZtH +)\t+llt< NH S _Pt+1ct+1>
The FONC is given by:
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The compact form of the previous expression is given by:
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Further, the last equality can be rewritten as
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Given the assumed wage structure, the evolution of the aggregate wage index is given
by:

1

=B WE 4 (1=, W [ (1-1-97)

2 Nonstochastic Steady State

We focus on equilibria where the state variables follow paths that are close to a
deterministic stationary equilibrium, in which II,,=1II. =II,=1, S=1 and

*\—1
B=R'= (R ) . Because this steady state is nonstochastic, the productivity has unit

values;i.e., A=1.
2.2 Steady State Relative Price and Market Clearing
In the steady state, we assume P, =P. and then S=1 is applied. Because of S=1,

P, =P, is applied. The CPl implies that:
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That is, we have:
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which implies that:
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Plugging Eq.(4-6-3) into Eq.(4-14-17) yields:

P=PF,

which implies that the PPP is applicable in the steady state. Plugging the previous
expression into the definition of the CPI disparity yields:

Q=1. (2-7)
Plugging Eq.(2-7) into the international risk sharing condition € =QC"¥, we have:
=C (2-8),

where we impose ¥ =1.

Market clearing conditions in the steady state are given by:

.. (29

2.4 Steady State Wedge between Marginal Utility of Consumption and
Labor
The FONC for households to choose optimal wage Eq.(1-1-93) implies that:
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Combining Egs.(2-27) and (2-27)’ yields:
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The FONC for the firms Eq.(1-1-82) implies that:
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Because of Eqs(2-30), (2-32) and (2-32)’, Eq.(2-27)" can be rewritten as:
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Note that U, =C"' and —U, =N . Plugging these conditions into Eq.(2-33) yields:
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Plugging —U—NE 1—® into the previous expression, we have:
C
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which shows the steady state wedge between marginal utility of consumption and its

(2-35)

labor.

3 Log-linearization of the Model

3.1 Distorted Steady State Model

3.1.1 Relationship between Real Exchange Rate and Terms of Trade
Note that:

= P _<1_ U)pH,t — QP - (3-1-4)
= (1_U)(pF,t _pH,t)
=(1-v)s,

3.1.2 Market Clearing Condition
By Using X, . =P,,/P., Eq.(1-1-76) can be rewritten as:

K =(1-0)X,IC, +0S!Z;

1t’

Where we use Eq.(1-1-20).
Total derivative of the previous expression is given by:

dY, =(1—v)(—n)CdX, , +(1—v)dC, +wvnCdS, +vdZ, .

Dividing both sides by Y yields:
v _
Y

which can be rewritten as:

C cdc 9 C Z, dz,
—n(l—v)vdXle —i—(l—v)? Ct +vn7d5t +o—=Lt—£,

1

y, = —77(1 — U) X, +nvs, + (1 — U) ¢, + UZI,t (3-1-6)

where C/Y =1. Note that:
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XH,t = pH,t — P,
=Pu:r— (1 - U)pH,t —UP,

=—Uv (pF,t Py )
=—us

(3-1-7)

t
Plugging the last line in Eq.(3-1-7) into Eq(3-1-6) yields:

y, =—n(1—v)(—vs,)+nus, +(1—v)c, +vz,,

. (3-1-8)’ [(16) in the text]
= 772)(2 —U)St —i—(l—v)ct +vzy,

Total derivative of Eq.(3-1-77) is given by:

* *

dY, =dc, .
Dividing both sides by Y yields:

dr; _dc;

t
Y* C* 7
which can be rewritten as:

y, =¢ . (3-1-9)
3.1.3 International Risk Sharing Condition
Total derivative of Eq.(1-1-21) is given by:
1 -2
dC, = dQ +—-dZ, — 2(z,) "dz;,
2
Zdz, Zzdz,
:i*dat + * L - % i't
z, Z, z 7, 7
Dividing both sides by C yields:

0 52, 20 2%,
c z\z Zz 7 Z
dz, dz, '
—=dQ +—t——+
At

2

which can be rewritten as:
¢ =q,+2,—12, (3-1-10)
Plugging the last line of Eq.(3-1-4) into Eq.(3-1-10) yields:

¢, =(1-v)s, +2 —2z,.(3-1-11) [(17) in the text]
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Plugging Eq.(3-1-11) into Eq.(3-1-8)’ yields:

2

v =m(2— v)s+<1 v)[1-v)s, +2 -7, |+ vz,
} +(1-v)z, +vz;, —(1-v)z,,

=[m(2-v)+(1-v)
:[nv(Z—U)%—(l—v)z}st—I—(l—v)zt%—vz;t—(l—v)z*

= (2 —nv* +1-204+0)s, +(1-v)z, + vz, —(1-v)z,, . (3-1-12)
=[20(n-1)=0*(n—1)+1]s, +(1-v)z, +vz,, —(1-v)z,
=|(n=1)(2v—v*)+1]s, + (1-v)z, + vz, ~(1-0)7;,
=[(n-Dv2—-v)+1]s, +(1-v)z, + vz, —(1-v)z,,

Note that o =[(n—1)v(2—v)+ 1]_1
When 7n=1, Eq.(3-1-12) boils down to:
Ve = (1_U)zt —l—UZI,t —(1—’0)2;

3.1.4 Euler Equation
Log-linearizing Eq.(1-1-7) yields:

¢, =E(coa)— 1 +E (7, )+ (1—p, )z, +6, (3-1-16) [(18) in the text]

with §=03'—1=r being time discount rate where we use the fact that

E < t+1) pz t*

3.1.5 Price Index and the Definition of the TOT
The definition of the TOT is given by S, =F., /P, , , which can be log-linearized as:

S = Pry —Puy
=e,+P;, —P,, . (3-1-17) [(19) in the text]
=€ — Py,

Log-linearizing Eq.(1-1-78) yields:

p,=(1=v)p,, +vp,
=Py, +0(Pr, — Py ) - (3-1-17) [(25) in the text]
= Py, T VS,

Combining the previous expression and its lagged expression yields:
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T, = (1 — U) e TUT:,,

Where:
T =Py, — Pyp - (3-1-17) [(23) in the text]

because of inflation targeting in the ROW, p;,t =0 forallt.

Combining the previous expression and its lagged expression yields:
we (3-1-18)
Plugging Eq(3-1-18) into eq.(3-1-17) yields:

St TS =Ty — T

= (1 - U)WH,t + U<7TH,t +S — 5t—1>

=Ty, +uvs, —vs,_;

P
The definition of the CPI II, =—— can be log-linearized as:
t—1

T, =P, — P, ;- (3-1-19) [(24) in the text]
3.1.7 NKPC
The NKPC is given by:

Toe = B, (7,0 )+ imc,, (3-1-23) [(21) in the text]

(1—9;,)(1—5@,)'
0

p

with K, =

Total derivative of Eq.(1-1-83) yields:

dMCt:[ﬂ](—l)(l—ﬂ_z(—l)dﬂ—l— L g, 1 [ﬂ](—1)dAt
P 1—7 (P,;) 1-—7\P
_ 1 [ﬂ] T th+ S /R [g]dAt
1-7{(P)l-7 7 1—7 (R,,)] 1-—7\P

Dividing both sides of the previous expression by MC = Py yields:

-7
dw,, /P
dMe,_ 1, (W, / H,f)_dAHt'
MC 1-7 (w/P) '

As mentioned, d7, =7, —7 .Thus, we have:
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1 p
mc, = T, +w, —a,—

-
1—71 1—7
1 1
:(Wt_pH,t)_at +1_7_Tt_1_7_7—
1 1
:Wt_pt+pt_pH,t_at+1 Tt_l T
-7 _17 , (3-1-24)
:wt+(1_v>pH,t+UpF,t_pH,t_at + Ty — T
1—7 1—71
—w+v(p —p, )—a~|— 1 T, — 1 T
t F,t H,t t 1_7_ t 1_7_
1 1
=w, +vs,—a, + T, — T
—T 1—-7
d(W,, /P..)
with w, , =————= being the (log) real wage.
H,t (W/P)
Eq.(1-1-80) can be rewritten as:
o [NA e
t At

Total differential of the previous expression yields:

1 1, 1 1 1
N, =y dy, + v Y (1) +——vi YA,
-« l1-«a 1-a ’
1 1 1 ’
1 dy — 1 =
:LY“" L—LYH*dAt —l——YH‘dApt
11—« Y 11—« l-«o ,

where InA, is o<||§||2) and is omitted.

Dividing both sides on the previous expression by N yields:
Second-order approximation of Eq.(1-1-80) is given by:

dll\\llt =y [Y%— YdA, + YdAp,t]
= % —dA, +dA,,

which can be rewritten as:
n, =y, —a,.(3-1-26) [(20) in the text]

where InA, is o<||§||2) and is omitted.

3.1.8 Wage Inflation Dynamics
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Total derivative of Eq.(1-1-95) is given by:

[(—1)C"2NMRSdC, +C*MRSAN, +C*Nd MRS,
g +080,,[(—1)C *NMRSAC, ,, +C *MRSAN, . +C ‘NdMRS, .|
t +(80,, )’ [(—1)C °NMRSdC, ., +C*MRSdN, ., +C 'NdMRS, ,,
T
x{C’lNP’l [1+ﬁ9w +(66, ) +---]}_1
Jr(—l){c*llwf1 [1 + 60, +(36, ) +-- }}2
[(—1)C°NP*dC, +C*P'dN, +(—1)C'NP%dP,
. +080,[(—1)C*NPdC,,, +C PN,y +(—1)C NP AR, | }
+(80, )’ [(=1)CNPdC, ., + C'P'dN, ,y +(—1)C NP AP, |
g

XxM"CNMRS|1+ B0, +(36, ) +

Then:
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_dc, dN, dMRS,
C N MRS
-1
dVlN/t — M"MRSC™'N +0, [_ dcé+l d/\//\t;ut dA//\’j;;+llt] NP - 1@9 ]
- PYw
(ﬁ@ )2 _dCr+2 dNr+2|r dMR5r+z|r +
" c N MRS
dc,  dN, _dp
— +___
C N P
-1
—M"MRSCN*P>C"*NP*|+330,, _dC, | ONye  dR, 1
C N P 1-6,,
0, [y Pl ).
_dc, dN, dMRS,
C N MRS
-1
= M"PMRS|+30,, [—dcct“ d}\/:f/“'f d/vl\’féﬂn [1 15 ’ ]
I
(BQW )2 [_ dCéJrz +d/\//\t/+zlt _’_d/vl\ljij;zu .
_dc, dN, _ ﬂ
C N P
-1
—M"YPMRS +ﬁ‘9w [_ ngH d/\//\t/ﬂ“ _ dI:;H [1 150 ]
- MYw
| o o]

Note that W =PM"YMRS . Thus:
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dc,  dN, dMRS,
- + +
C N MRS
A/ -1
AW, | gy [ 0Cs AN | MRS, 1
w Y N MRS 1- 54,
dC dN, dMRS,
9. V| Zotr2 t+2lt t+2lt
() [ ¢ N MRS
B dc, n dN, _ﬂ
C N P
dc dN dP. 1 -t
_ 0 | — t+1 tyt Yy ’
+0 W[ T . -
([ Ly P
=(1- 16
(1-p W) dc, dc,., 2 dC,,,
+"‘+T+59W—C —I—(ﬂew) —C 4.

which can be rewritten as:

o0

w, = (1 — ﬁew)Z(ﬁew )k E, (mrsHklt + pt+k) . (3-1-27)

k=0
Total derivative of Eq.(1-1-93)" is given by:
dMRS, e = CgpN*”ldNHklt +N*dC,,,

dN dc,,, -
— CN¢¢—;klt + CNYﬁ —Cl:Jrk

Note that MRS =CN¥ . Dividing both sides of the previous expression by MRS,
yields:

dMR5t+k|t _ dNt+k|t + dCt+k
MRS N c '

which can be rewritten as:

mrs, e = Pk +Ck (3-1-28)

N‘P
Let define MRS, ., =—"** . Total derivative of this definition is given by:
t+k
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dMRS,,, = CoN*'dN,,, +N*dC,,,

= BNk e B!
N C

t+k

Dividing both sides of the previous expression yields:
dMRS, ., dN dcC
=¥

t+k t+k
+

MRS N C

7

because of MRS, =CN”.

That expression can be rewritten as:
mrs,., =en, ., +¢,..(3-1-29)
Subtracting Eq.(3-1-29) from Eq.(3-1-28) yields:

mrs, e =mrs, .+ Qp(nt+k|t — Ny ) (3-1-30)
Total derivative of Eq.(1-1-89) is given by:

dN. —e,W VW NAW, + &, W W NdW,,, +dN

trklt —
dw. dw.
=—¢g,N—t+¢,N—E+dN
w w

t+k

t+k

Dividing both sides of previous expression by N =N vyields:

dNt+kIt:_€ dVVt te dVVr+k_|_dNt+k
N Ywo " w N

Which can be rewritten as:

Meie = —Ew (W, =W )+ N,y (3-1-31)
Plugging Eq.(3-1-31) into Eq.(3-1-30) yields:
MIS, e = MIS,,, —5Wg0(vT/t — WH,() .(3-1-32)

Plugging Eq.(3-1-32) into Eq.(3-1-27) yields:
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WH,t = (1 - ﬁ@w )Z(ﬁ@w )k E, [ml’SHk - 5W(P<Wt Wik ) + pt+k]

o
(1 8,) mrs, — szwgp(vT/t —w,)+p, + 00, [mrst+1 —e, (W, —w,_, )+ pm]
+(6,) [mrsM2 —&,(w, —wt+2)+p,+2] 4o

mrs, +¢,,ow, +p, + 30, (mrst e W, +p, +1)
=(1—80,)1+(80, ) (mrs,, +&,W,, + Py )+

W, — <, 000, — (06, ) e, 0,

mrs, +¢,ow, +p, + 36, (mrs,., +,oW,,, +p,.,)
=(1—80,){+(80, ) (mrs,, +&,oW,, + Py )+

—e, oW, [1+ 30, + (809, +-+

mrs, +¢,,ow, +p, + 30, (mrst+l +e, oW, + pm)
=(1-0,)|+(66, ) (mrs,,, + oW, + Py )+

- 1
—— [1 - ]
mrs, +¢,ow, +p, + 30, (mrst+1 +E,0W, 4 + pm)
(00, ) (M1, + EupWey 05+

=(1-79,)

- 6W (,DWt

which can be rewritten as:
mrs, +¢,oW, +p, + 00, (mrs,., +&,6W,., +p,.;)

(1+¢e,0)W, =(1—06,)
+<69w )2 (mr5r+2 + EyPW, o + P:yr ) T

This expression can be the compact form as follows:

1-060 &
ﬁ;(ﬁew )k E, (mrst+k +E,PW, pt+k) -(3-1-33)

W, =

Let define 1, =w, —mrs, which is the (log) average wage markup in the SOE. This

expression can be rewritten as:

w

e =W =N — Gy

By using Eq.(3-1-29).
Plugging the definition of the (log) average wage markup into Eq.(3-1-33) yields:
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1_/89 < k w
—_— 0 ) E.|(1 — . (3-1-35
1+€W¢;(5 w) t[( +€w30>wt+k ,Ut+k] ( )

W, =

Eq.(3-1-35) can be rewritten as:

100, [(Hé‘w@)wtutw +59W[(1+€W90)Wt+1u511]’
w, =

t l1+e,0 t +(ﬂ@w)2[(1+€w90)wt+z_MKZ]—’_'”
Bew [(1+8w90)wt+1 _M:‘rl] : (3_1-36)
1_60 1—/80 2 w
:—HEWV;[(HsWsO)wt — ']+ P E (60, ) [(1+e,0)W,., — 1]
+..

Forwarding Eq.(3-1-36) one period yield:
m, |<1+ewso>wm a0, (L e oW u:u]
1+e,0 | +(66,) [(1+ EuP)W,os — u!”+3] T
Multiplying (36, both sides of the previous expression yields:
0, [(1+ 2, 0)Wes — 1t |+ (86, ) [(1+e,0) W, — u!iz]’
+(86,) [(1+2,0)W, s — %]+

Et (Wt+l>

50,E, (, ) =~ Et[

1t+e,p

Plugging the previous expression into Eq.(3-1-36) yields:
1-.06,
1+e.
Total derivative of Eq.(1-1-97) is given by:

W, =

(1+e,0)w, — |+ B0,E, (W,,, ). (3-1-37)

1_15 (W )ﬁ‘l (1-e,)0,W ~dW, , +(1—¢,)(1—6, )W “dW,

w

dw, =

t

1-(1-¢,)

=W ) s woe[0,aw,, + (16, )dw ]

= (W) w0, aw, + (106, )dW]
=0,dW,_, +(1-06, )dw,
By dividing both sides of the previous expression W, , we have:
w, W, dw,
d tzewd t—1 _|_(1_0W) t'
w w w
which can be rewritten as:

w, =0,w,_, +(1-0,)W,. (3-1-38)

w t—1

Eq.(3-1-38) can be rewritten as:
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1 0

w

Wt:l—éw Wt_l—QW W, .

Plugging the previous expression into Eq. (3-1-37) yields:

1 0 1- 80 ;
w, — w w, - W 1+€w w. —
W T e 1+€W¢[( o)w, — 11"
1 0, '
+00,E, qwrﬂ—qwr

Which can be rewritten as:

(1-66,)1-6,) .

Wt_ewwt—1:(1_50w><1_0w)wt_ 1teq t

+ﬁ0wEt (Wt+1 - ‘9th)

(1-00,)(1-6,) .

=(1-76, -0,(1—-050 -
(180w, 6, (18, Jw, el

+00,E, (Wt+1> B 60;/Wf

(1-60,)1-6,) .
1+e,p ‘

=(1-00, )w, —0,w, + 802w, —

+ﬁ0wEt (Wt+1)_6€\flwt
1-60,)(1-6,) .,
t _gwwt - ( >< ):ut
1t+e,p

+60,E, (w,.,)—B0,w,
Subtracting w, . from both sides of the previous expression yields:
(1-59,)2-6,)

—HWWI,71 = _ewwt - 1+€ SO :u:V +ﬁ0wEt (Wt+1 - Wt)'

=w

which can be rewritten as:

(1-56,)1-6,) .
1+e,0 o

ew (Wt - Wtfl) = ﬁewEt <Wt+1 —w, ) -

By dividing both sides by 6,,, we have:

m = BE (), )~ Ry, (3-1-39) [(26) in the text]

(1-56,)(1-6,)

where:
0,(1+e,0)

with &

w
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m, =w, —w, , (3-1-40) [(28) in the text]

t t

denotes the wage inflation.
There is a relationship between the changes in the real wage and the gap between the

wage inflation and the domestic inflation as follows:
Wtr - Wtrfl =W =Py — <WH,t71 - pH,tfl)

=W, =W, ,— (pH,t - pH,t—l) .

= W:A/ T Ty
3.1.9UIP

The log-linearized UIP R, =E, (EtH/Er)R: is given by

r.=r, +E (e, )—e,.(3-1-43).

Note that:
drR. dE,,, dE,

t t+1
R R E E
can be rewritten as:

) E
In[1+'}]:|n 1+, 4 In| St _|n[i]’
1+r 1+r E E

further:

In(14r,)—In(1+r) :In(1+r:)—ln(1+r)+In[%]—ln[—f].

Finally, we have:

In(1+r,) :In(1+r:>+ln[%]—ln[%].

4 Welfare Cost Function and Welfare Relevant Output Gap

4.1 Deriving the Second-order Approximated Utility Function with Linear
Terms

The period utility function is given by Eq.(1-1-85), namely:

~ 1

. 1 N .
Ut+k :Inct+k _m 0 Nt+k|t (j) pdj‘ (1-1-85)
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In equilibrium,

N, (j) =N, (j)

W, (J)
w,

t

—ew
7

N

t

Is applied. Plugging this expression into Eq.(1-1-85) yields:

1 1 W (j) 7€w(1+‘19)
7 — . 1+¢ t+k .
U, =InC —@Nt+kﬁ[—w ] dj.

t+k

. (1+¢)

. 1| W

Let define (A:”)lw zf [M] dj . Plugging this definition into the previous

0
H,t

expression, we have:

1

0H,t+k =InC,, — 1+S0Nt1++,f (A:v+k) . (4-1-1)

Second-order expansion (percentage deviation from steady state in terms of marginal
utility of consumption) of Eq.(4-1) is given by:

U, —U 1, 10, U, N[ 1. ] 10, N*
e — o TG A=t [ —n
UCC t+k 2 t+k 2 UC t+k UC C t+k 2 t+k 2 UC C t+k

w2 Loz, +of el

C

Note that InA/, is o(||$||2).

Plugging U.=C*, U,=-C"?, U,=—N*, U, =—¢N"" and U,=-N""into

the previous expression yields:
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2 " p—1
U —U 1 10— U 1 1(—eN" ) N2
‘thC =6t (C ; >C f+0—:—[nt+k+5nf+k]+2( 7 ) oMk
N1
T A _z/‘j/t+k+o(||£”3>
C
1 1C? U, N 1 1(=N7") 1 N?
_Ct+ECt2_EF 1‘2+0_I:E[nt+k+2nt2+k]+(p5( 0, >N? ok
]
G +o(l¢lf)
u, N U, N1 10, N u, N
GG g e e e g At ol
U, N U,N1 u, N
=C + - Ent+k +0_NEE(1+90)nt2+k +U_NEInAtmik +O(”£”3)

Cc

Plugging —U—NE 1—® into the previous expression yields:
c

U —U N N1+ N
5o =G~ (1) onu — (=) TP — (1= @) T, + o
N N N1+ N
=¢ +¢Ent+k _Ent+k _(1_(I))E_¢nt2+k _(1_¢)E|nArik + O(”£”3) :
N N 1-d)(1+
=¢ +®E”t+k _E N +()2Mntz+k +(1_(I)>InA¥ljrk +O<”£”3)

Plugging n,. =¥y, — 0 +INAL, into the last line in the previous expression

yields:

U,—U P
bCC S +0__C(yt+k "HnAfH)

(yt+k +InA?,, >

—| (4 +o(|l¢f , (4-5-3)
RIS ler)
=G — (1 _(D)ka - 2 o + O<”§”3)

+(1-®)InA},, +(1—P)InAY,

t+k t+k

where we use N/C=(C/Y) =o.' and InA?, =In

t+k
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4.2 Second-order Approximation of Price and Wage Dispersions
Relative price of good h can be approximated as follows:

[PP_U =1+ (1=, )b, () + 516, B i) +o(Je). 4-5-22)

H,t

with p,,(/)=InR,,(i)—InA

H;t*

The price index P, Ht_[f d/} ~ implies:

1
f % dl]
Hence, we have:

-,
- =[Pi] [ty
H,t
1_EP
oy -

=1

which implies that:

E[PP_U] _ j:[m; ()

H,t

1—¢,

di (45-13)
=1
Eq.(4-5-12) can be rewritten as:

1

(1_€p>ﬁH,t(i>:_5<1_89>zﬁ*"t(i>2_ +O( 3)'

Taking conditional expectation, The previous expression can be rewritten as:

P

H,t

1—¢
2

P

A \1-¢
e (1)
P

H,t

. 1
“E; | (’)2]—:

p

1-E

1

Ei[,sH,t <i>]: -

+o(¢f’)

, (4-5-14)

1—
2

2 £, B (i)' |+ o)
where we use Eq.(4-5-13) to derive the second line.
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PH,t (I)

H,t

Second-order approximation to [ ] yields:

[PH,t (I> ]5 = eXp[_gpﬁH,t <I>]

2
a o € A g,
=1,B )+ B, (1) +o( €]
Taking conditional expectation on the previous expression yields:

E. P, (i)]_gp e’

1

=1—¢,E [y, (/)] +?"Ei

Bue (i) |+ ol ) (4-5-15)

H,t

Plugging Eq.(4-5-14) into (4-5-15) yields:

e[ Ee] —am {252 o 2 o)
14 [<1_;”>+€p] €, (1) |+ o[l . (4-14-16)
:1+%”E,- B (i)’ |+ (€I

=1+ %Var,- [ﬁH,t (I)] + O<”£”3 )

—€

di. By using these

Notice that E. Par (i) _ :fl P, (i)
, 0 PH,t

H,t

facts, Eq.(4-14-16) can be rewritten as:
INAP = In{1+%var, X (l)]} +o<||§”3)
. (4-2-6)
€ ~ .
~2var by, ()] +o[l¢f

Further, as shown in Woodford (2003), zx ¢ can be rewritten as:

Zm: BE, (InA?)= 2%’200: BE (77, ), (4-6-2)
k=0 p k=0

as long as Eq.(4-5-10) is applicable.
Relative wage j can be approximated as follows:
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[Wf(j)] ot )+ 2 a, e, () +o[¢f"). (4-6-3

with W, (j)=InW,(j)—InW,.

1

. 1 A1—¢ l—ew . .
The wage index W, E[f w,(j) ™ dj] implies:
0

1
1 1 1-ey .|l1-ew
1=— f w () i ™
mlotm j
Hence, we have:

1-¢y
1 L
—] IRAVRE
1—¢

11*5w —

W,

e
=1 t

which implies that:

-

t

1—ey
] 4 (s14-17)
_1

Eq.(4-6-3) can be rewritten as:

1—gy
N 1 N

(1= i () =51 =e ) 1) - +ollef’).

1{%g2

t

Taking conditional expectation, The previous expression can be rewritten as:

1—Ej[Wt7<j)

t

1-ey
R

+o(¢f")
, (4-2-10)

Ej[Wt (1)]:_

= -2=5ug i, (3 ]+ ofef

where we use Eq.(4-14-17) to derive the second line.
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—erp]-cu (1+6), )
=1 (1) (1) + D (7 o)

Taking conditional expectation on the previous expression yields:

[

e (1te)

2 |, ()| + o) - (4-2-11)

W,

t

—ew(1+e)
| —atrorla)-
Plugging Eq.(4-2-11) into (4-2-10) yields:
A\ ~Ew(1+e) 2 2
W, (J 1- N ew (1+ "
EJ[L] :1—5W(1+g0){— ;WEj[wt(j)z]}+MEj[Wt<j)2]

w, 2
+o(ef)

ew(1+o)|(1—ey)+e

=1+

” (1+90)]Ej[vf,t (] +o(lef) - @212)

. 7€W(1+99) . *5w(1+99)
Notice that EJ.[Wt(j)] :fl[me] dj and
0

e eafw, ()
(A:V) ’ Ej; [ ad ] dj . By using these facts, Eq.(4-2-12) can be rewritten as:
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N\ ew (L)
in(Ar)™ :Inj;l[W‘:‘Ej)] dj

t

ME”] W(+9)

:In{1+€W(1+80>2<1—|-€W90) var, [, (j) ]}+o<||£||)

=InE,;

L (1+s0)2(1+€w90>var [, ()] +o( el

The previous expression can be rewritten as:

In(Ar)" = Mvarj W, ()] + 0(||£ ||3) . (4-2-12)

Further, as shown in Woodford (2003), InA},, can be rewritten as:

iﬂtE (|nA:’+k)_MiﬁtEt (ﬂ—ﬁl,t )2 . (4-2-13)

2k, k=0

Iterating Eq.(4-5-3) yields:

t t+k
Z E Cok — 1 q)>yt+k - 2
HL-D)InAL, +(1-B)nAY,
+o(ler)

Plugging Egs. (4-6-2) and (4-2-13) yields:
(1-®)(1+¢) ,

= Ve — 2 Ht+k
W = tE +o0
;ﬁ ! e:p(l—(I)) : S (1—|—€Wg0)(1—<13) wo\2 (

t+k
» 25K,

—(1-2)y

i 0., —U
with W, =) B | —
pars U

Eq.(3-1-8)’ can be rewritten as:

1 nm(2—v) v
— S, — Z 4-2-15
1—v" 1-v © 1-v ¥ ( )

Plugging Eqgs.(4-2-15) into Eq.(4-2-14) yields:

¢ =
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w(2-v) (1-2)(1+¢) ,

~ o) q)yt+k 1—v T Stk _frlﬁ,’“k 3
J— t o
W_;Mt (-2 , e +ap)1-2) , +o(¢). (4-2-17)
Ht+k Tk
2/ip 2K,

which is applicable for the SOE withOUT default risk.
4.3 Second-order Approximation of the AS Equation
Second-order approximated AS equation is given by:

, 27 . n T T T 1 1 2
W — 2 ¢ ¢ ——Ty (wi.,)
t+k t+k t+k t+k Xi b1k Wik
1-7 1-—7 1-7 1 —T 2
o0
— k T 2 T 2 T 2 r
- ’%pZﬁ Et 1T Cok — Yerk — Xk ~ Wenk e — Ct+kwt+k [
o 2(1—7’) 2(1—7’) 2(1—7’)
r r
Tk Ok TVerkWeik — YerkOuy e vk + Xe kW ook = X ek 1k

%z B4x2 i +s.0ip.+of[€])

k=0
. (4-3-1)
4.4 Second-order Approximation of the Wage Equation
Eq.(1-1-95) can be rewritten as:

S0 € (MRS )

W,
W”'f: — . (4-4-1)
it E:( W Ht+k|t<Pt+kCt+k> }WH,t
k=0
Let define:

Ht _MWZ ﬁe (MRSH t+k|tNH k|t t+k) (4 -4- 2)

Ht—;(b’@ J'E,

By plugging Egs.(4-4-2) and (4-4-3) into Eq.(4-6-3) yields:

P.C

H t+k|t( t+k t+k)

W, ., . (4-4-3)

Wa, _ K . (4-4-4)
H,t FHt

Multiplying Eq.(4-4-4) by W, , yields:
W — WH,tKIl'IA,/t
H,t FW

H,t

Plugging the previous expression Eq.(1-1-97) yields:
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1

w, K )
W, =|60,W, > +(1—0W)[ ’;’;W”'t] , which can be rewritten as:
H,t
w, KY )"
W™ = <1—9W>[—”;W”‘ Wi
H,t

— (1= O W (K )T (R g Wi

H,t—1

Dividing the previous expression by WHl;"W yields:

1-&y
1=k () e, ]

H,t
- (1 — 0y )(Kfz‘,/t )1*€w <F}.-1M; )7(17%) +40, <Hm )7(17%)

which can be rewritten as:

1
1-9,

ew—1
1-6,, (11}, )_“_5””} :[ n ] . (4-4-6)

Taking logarithm both sides of Eq.(4-4-6) yields:

1 ) w \—(1—ew)
-0, 1-4, (105

=(ey —1)<Inﬁ,vz —InKF'fl’t),

which can be rewritten as:

—In

w \—(1—ew)
1-0, 1—%W (1)

= (g, —1)(InKY, —InF). (4-4-7)

Second-order approximation of the LHS of Eq.(4-4-6) is given by:

1 0, (HW )7(17%) Oy (ey—1)
1-6, 1-6, "

Eq.(4-4-3) can be rewritten as:
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Em =W,, NH,tIt( t t) + 00, N H 1t <Pt+1Ct+1) (50 ) H,t+2It <Pt+2Ct+2> +}
- —ew W —ew
- NH,t+k ( ) + 5‘9 NH,t+k (Pt+1ct+l)
WH,t H,t+1
=W, e
2| W
+<69W) : NH,t+k ('Dt+zct+z) +e
H,t+2
1 WH,t ! P WH,t 0 C2 WH WH,t Y N WHt W, 1 P |7
Ct Ht +ﬂ Wt YV H,t+k
. WH,t P, Ht Ht WH,t+1 W, 1 P, 1 Pt+1
0. 2 W W WH t+1 " WH,t W Ht+1 WH 42 Ht+2
‘I'(B W) t+2 Ht+k
W e Wy 41 w, 42 W, Ht+1 W, 42 HH—Z 'Dt+z
_ o —&w ew—1 r
_ ¢, 1(X/|-//Vt) NHtX +59 Ct+1 <X ) (Hﬁm) NH,t+kXH,t+1WH,t+1
o gy—1 r
(69 ) t+1( .“-/Ivt) (Hmﬂﬂr’/m) NH,t+2XH,t+2WH,t+2 +
N W, w, w,
with Xy, =—%, W, =—" and II, =—"— where we use Eq.(1-1-89). The last
WH,t PH,t WH,t—l

line can be rewritten as compact form as:

v =346, )'E,

k=0

Eq.(4-4-2) can be rewritten as:

ow \"TwW -1
<XH,t) Ct+kNH,t+k Ht+k Ht+k[HHHt+s]

ew—1

K:l,/t =M" MRSH tItNH tle -t +ﬂ0 MRS, H t+1|tNH t+1|t t+1 (50 ) MR;H t+2|tNH,t+2|tC;:2 +e
= MY [N+ B0 N+ (80, ) Nyl + ~-}
~ —ew (14¢) ~ —ew(14¢) ~ —ew(1+¢)
w, w, ,
=M Nt + 08, |7 = ] Ny + (50, ) [ . ] Nyily +oo
H,t H,t+1 H,t+2
~ —ey (1+¢) —ew(1+¢)
el wg o, | e | e
— MW WH,t WH 41
- W, W, W, —sw<1+¢>
"‘(69 ) [ Ht+1] Nfiiz_'—'”
W WH 1 WH t+2
~ —ew (1+y) ~ ~ aw (1+9) aw (1+9) ”
R ) )
N 2/ ew (1+¢) w(1+e) (
+<69W) (Xs/,r> (Hﬁ/mlﬁ/m) N:;iz +ee
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, Which can be rewritten as:
00 (14 ew(1+¢)
k(2 ®)
K = M"Y > (56,) (XH ) N2, [HHH m]

k=0

Finally, second-order approximated wage equation is given by:

p2te) , 1
PN T Coke — Xupok ~ Wi T 2 t2+k _E tz+k
—w = k 1 2 1
v-= HwZﬁ E, _Exwk _E<Wt+k) Tt CoiMeie T CopscXuenn T Ct+kWt+k - (4-4-8)
k=0
(1 + <p) 2
e Xy ek nt+kWH t+k Xt+kWH t+k + 2 ( I-V/V,t+k)

4.7 Second-order Approximation of the Market Clearing Condition
Eq.(1-2-76) can be rewritten as:

Y, =(1-v)X,C,+vS/Z,,. (4-7-1)

Where we use X, =P,,/P, and Eq.(1-1-20).

Second-order approximation of Eq.(4-7-1) is given by:
Xy 0CorSe)
Z

H

*

1,675t

1
Y+Yx (XH,t _1>+Yc <Ct _C)+Ys <5r _1)+EYXX (XH,t _1>2

*

1
+Ye (S =1 + Ve (X, —2)(C, =€)+ Yy (S, —1)(Z;, —1)
+tip.+o(l¢])
1, 1, . 1.,)
=Y —n(l—v)C[let +EXH't]+ (1—U>C[Ct -l—Ect ]+U7721 [st —I—Est ]
1 1 .
+577(77 +1)(1—v)Cx;, +Evn(n—1)lef —n(1-v)Cx,

+unZ;s,z,, +tip.+ o(||§||3)

which can be rewritten as:
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Y, —Y C
= n(1—v)=
Y l U)Y

1 C 1 C 1
X¢ +Exf,,t]+(1—v)7[ct +ch] —I—vn?[st +555]
1 C 1 C C
—1—577(77 +1)(1— ”U)fom —1—51}77(7) — 1)75t2 —n(1- v);xmct

c . .
+U77?stz“ +tip.+ o(||§||3>

C C C nl-v)C
:—n(l—v)vxw%—(l—v)?ct—Hm?st——( > >7[1—(77—|—1)]x,2“
1-vC vn C C
t— 763+7n7[1+(77—1>]53—77(1—U>7XH,tCt

c . .
+U77?stz“ +tip.+ o(||g||3>

C C C n*(1—-v)C
= —n(l—v)valt + (1—v)7ct +vn75t +¥7x;t

2
1_U£Ct2 n vn” €
2 Y 2Y
+tip.+o([¢[)

Then, we have:

_|_

C Cc .
si—n(1- v);xmct + U7775t21,t

n'(1-v)o, , (1-v)o, o

Ve = _77(1 - U>UCXH,t + <1 - U)Ucct +uno.s, + 2 Xyt 2 t

2
Unzgc Stz - 77(1 — U>UCXH,tCt + UUJcstzI,t +tip.+ O(”f”a)

Iterating the previous expression yields:

+

Ve —n(l—v)xH’t +(1_U>Ct +uns,

>~ nz(l—v) ) (l—v) ) ) 3
0= B+ K+ +tip.+o(lef ). (4-7-2)
t=0
2
41 % g2 —n(1—v)x, ¢ +vno.sz,

4.8 Second-order Approximation of the Definition of the Relative Price
Definition of the relative price of PPl in the SOE is given by:

P
XH,t Eil

P

t

which can be rewritten as:
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;X
Il
2o

|
5';0

I
o ‘
o

-

i

|k TR
(/)|.,:U

-

By raising both sides on the previous expression the n—1 th power yields:

n—1
X/Z;l = ii
RS

=R RS
L 1-n
- 1“1 —U)R vP:,:”]”} RLSE
=[(1=v)R " +orL RIS
= (L v)R RS R RS

=(1-v)

H,t

n—1
P —(n—1 —np—(n-1 -1
i] St(l )+UB¢1¢ ]F},t(l )Stl i

(1—v)s" s, " f st
(1—-v)+vSs,™"

By raising on the both sides of the previous expression 1/(77—1) th power yields:

1

Xy =|(1—v)+vS "1, (4-8-1)

Second-order approximation of Eq.(4-14-24) is given by:

X, =11 X, (5, 1) +%xH o (5=1) +o(¢f?)
—=14X,, [st +%sf] +%XH s Ho(lf) - a-8-2)
— L Xy 5, + 222 o)

Xusand Xy ss are given by:
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Xys= ﬁ[(l — U) + s Y }77111 U[_(n _ 1)]5—71
Zﬁ[(l—v)ﬁ—v]nlllv[_(n_l)] |

_v[-(n-1)
n—1

=—v

X, . :ﬁ[ﬁ—l][(l—v) +vs<m>]jlz o[- (n—1)|s [~ (5—1)|s "

{10 O o)D)

n—1
- -t -1)
T ARy U

0 e e 1
:(n_”1>2v (=1 +-=—gvn(n-1)
=’ +on
:U?’](l—U)

Plugging those expression into Eq.(4-8-2) yields:
(-v)+on(l-v)
2

Xy = —US, —+

s +of[l)
— s +Ms§ +ofle)

st v[n(l—v)—l]
2

3
st +of[)
Iterating the previous expression yields:

v[n(—v)-1]

s +o(lef). @83

0=> BEy{—x,, —vs, +
t=0

4.9 Second-order Approximation of the International Risk Sharing

Condition

Eq.(1-1-21) can be rewritten as:

Z*
Q =C, Z“ . (4-9-1)

t
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Second-order approximation of Eq.(4-9-1) is given by:

Q. =f(C.2.2,)
=14+ £(C—C)+ £, (C.—C)(Z, —1)+ fo (¢, —C)(Z. 1)
+tip.+of|¢) :

—1+ce 30 e, e+ tiporol T )

—1+Cc, —I-C%cf +Cc,2,, —Ce.z, +tip.+o(|¢[ )
which can be rewritten as:
g =c +%c3 ez, ez +tip+of|l)
By Plugging Eq.(3-1-4) into the previous expression, we have:
(1-a)s,=c, + %cf +¢2,, — €z, +tip.+ o(||§||3) . (4-9-2)
In the first order, Eq.(4-9-2) can be rewritten as:
(1-a)s, =c, +tip.+o(|¢[)
Iterating the previous expression can be rewritten as:
0= tf;ﬁon [c, —(1—a)s,|+tip.+ o<||§||2) . (4-93)

4.12 Second-order Approximation of the Production Function
Eq.(1-1-80) can be rewritten as:

_ KA
A

N

t
t

Second-order Approximation of the previous expression is given by:
N, :f(Yt'Af'At>
=N+ £, (%, =Y)+ £, (A = 1)+ £ (%, —V)(A — 1)+ tip.+o(|¢]

7

= N+Y[yt +%yf] +YInA} —VYy,a,
+tip.+of[¢[ )

which can be rewritten as:
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N.—N 1
tN — Ylly[yt +5yf]+YlnAf —Yy,a,

+tip.+o(J¢[)

:[yt +%yf]+lnAf ~yia, + tip.+ o)
Further:
n.=y, +%yf +InA? —y,a, ~|—t.i.p.+o(||£||2)

Iterating the previous expression yields:
0=> 8
t=0

4.13 Eliminating the Linear-terms

4.13.1 Undetermined Coefficients

In the first-order, Eqgs.(4-2-17), (4-5-16), (4-3-1), (4-7-2), (4-8-3), (4-9-3), (4-4-8) and (4-
12-1) are given by'

W= ZﬁfE

1
—n.+y, +=y; y,a, |- (4-12-1)

2

p

nv(Z—U)

Vi — Stk
l1-«o 1—v

+ O(||§||3 ) ,(4-13-1) —(4-2-17)

t=0
v,=ry O, [W[ + 1i7' c, — 1i7_ Y, — 1i7_ xH't]—i—t.i.p. —|—o(||§||2), (4-13-3) (@3

0= io B[y, — (1= V)%, +(1-v)e, +vms [+ tip 4 of|¢]) (413-4) a2
=

o::ﬁon (e —vs,) o) (413-5) <rwss
=

O:iOﬂ‘E [c.—(1—v)s t]—i—t.i.p.—f—o(”fns) (4-13-6) —w9-3)
=

7Y = mwi B'Ey(on, +¢, — X, — W[ )+ tip.+ o(||§||2), (4-13-9) —(448)

0= ZBE —n, +y,).(4-13-10) —@-121)

How Eq.(4-13-1) corresponds to Eqs.(4-13-2)--(4-13-6), (4-13-9) and (4-13-10). Let solve
this problem by method of undetermined coefficients.
The system of coefficients of Eqs.(4-13-2)--(4-13-6), (4-13-9) and (4-13-10) is given by:

’
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T

where the LHS is the vector of coefficients of yu:, 7,,, St, Xnt, Ct,

) _1_7_@2_@3"'@9
_un(2—v) O, —vO, —(1—v)6,

1-v

o |_|F——=6,-n(1-v)e,-e,-6,

0 T 6, +(1-1)0,+6,+6,

0 -7

o 0, -6,

PO, — 0O,

)43

St

XH,t

Ct

r

WH,t

and n,, inEq.(4-14-1) and the ©,, 6,,0,,0,,0,, ©, and ©, are undetermined

coefficients on Egs. (4-14-2)—(4-14-10), repectively. The previous expression can be

rewritten as:

d=——"-0,-06,+06,
—T
2—v
M:—w]@3+v®4+(l—v)@5
1—v
0:—1T 0,-n(1-v)0,-0, -0, (4-13-11)
—T
o:lT 0, +(1—1)0,+6, +06,
—T
0=0, -6,
0=¢0, -6,

The 6% equality in Eq.(4-13-11) can be rewritten as:
0, =0, . (4-13-12)

The 5% equality in Eq.(4-14-11) can be rewritten as:
0, =0,.(4-13-13)

The 4% equality in Eq.(4-13-11) can be rewritten as:

T

0, =—

0, —(1-v)0, —O,. (4-13-16)’

1—71
The 3% equality in Eq.(4-13-11) can be rewritten as:

T

0,= 1 0,—n(1—v)0, —O,. (4-13-17)

The 2 equality in Eq.(4-13-11) can be rewritten as:
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2—v 1 1-
0,=——"+20,+—"0,.(4-13-18)
1-v 7 U
The 1st equality in Eq.(4-13-11) can be rewritten as:
1-7)P 1—-
o, __(a=7) —0,+—"@, (4-13-20)
T T

Plugging Eqgs.(4-13-12), (4-13-13) into Eq.(4-13-16)’ yields:
1_
0,=-"Tg, —(1-v)e,
1—7
1
=— 0,—(1-v)6,

1—7

Plugging Eqgs.(4-13-12), (4-13-13) into Eq.(4-13-17)’ yields:

. (4-13-16)

+1—
0,=———=""0,-n(1-v)6,

N . (4-13-17)

1
=16, n1-v)e,

1-7
Plugging Eqgs.(4-13-12), (4-13-13) into Eq.(4-13-20)’ yields:

1—-7)0 1—7
o 11 o  wll-T)g

T T
which can be rewritten as:
1-7)® 1-7)—71
(=72 p(1-7)
T T

Plugging Eq.(4-13-18)" into Eq.(4-13-16) yields:

0,=—

0, . (4-13-18)

1—-7)® 1—7)—
S WP LB
1—71 T T

B

_(-va-ne (1-u)-re-r)-rl+7
T T(l—T) 2

o,

Plugging Eq.(4-13-18)" into Eq.(4-13-17) yields:

— 1—7)—
94:—L@2—?7(1*U>—<1 T)<I>+g0< T) 7'92
1-7 T T
. (4-13-22)

_a-0)-ne_n(-va-re-r-ri-al+r
T T(l—T)

2
Plugging Eqs. (4-13-21) and (4-13-22) into Eq.(4-13-18) yields:
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7(1-7)
)(1 T)<D+(1 U) (1—7)@
T unT
77(1 v)(1-7)I, 47
m‘(l 7')
_(1—U>2<1—T)F1+(1—U)T
UnT(l—T)
:Un(l—v)2(1—7)®+(1—v)2(1—1})(1—7‘)(1)—(2—1;)1)777'
unT
n(l-v)1-7)T, +7
N 777'2(1—7') o,
+(1—U) (1—7’)F1+(1—v)7
onr(1—7)

_ (i—v)z (1—7)@[1}7]—}—(1—1})]—vn(Z—v)T

un

{ —7) v)(1-7)T, —|—T@2}
2 U
1-— U

o,

o,

unT
_op(1-v)(1-T7)T, +ur+(1-v) (1-7)T, +(1—v)r@
Um’(l—T) 2
_ (1—v)’ (1-7)®[v(n—1)+1]—wn(2—v)7
unT
_(1—v)(l—T)Fl[v(n—l)+1]—i—(l—v)7+v¢@
’U777'<1—7'> ?
_ d(1—v)(1-7)T, —n(2—v)T (1-v)(a-7)T T, 7o
onT onr(1—7) g

(4-13-18)”
With T, =¢(1-7)—7, I, =14+v(n—1) (and I, =7)
Plugging Eqgs.(4-13-18)’ into the previous expression yields:
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B N 62:CID(l—v)z(l—T)I‘z—’1}77(2—1))7’
T T onT

(1— U)(l — T)FIFZ +7
_ o,
'11777'(1—7')

which can be rewritten as:

2

Lo Avl-nhL+ry  SQA-v) (-7l —u2-v)r  (1-7)®

4 onr(1=7) unT T
Then:
Loon(1-7)+(1-v)1-7)0T, tTo d(1—v) (1—7)0, —un(2—v)T +op(l—7)0

o (1-7) . unT
Further:
_ 7/‘717'(1—7') ‘1)(1—T)[(1—U)2F2—l—"m]]—’um'(Z—U)'

* Tun(l—7)+(1—v)1-7)0,0, +7 onT

Finally:

(1-n)fe@-n)[@-of T, +vn] - vnr(2-v)}

. (4-13-21)
v{l—‘l 1—7)[on+(1—v)L,]+ T}

0, =

O 2 is given by Eq.(4-3-12), ®3is given by Eq.(4-13-18)’, ©4 is given by Eq.(4-13-17),
05 is given by Eq.(4-13-16), © 8 is given by Eq.(4-13-13) and ©9 is given by Eq.(4-13-
12).

Then, the solution of Eq.(4-13-1) is given by:
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o0 2_
E :ﬂtEo{(Dyf_Un( U) st}
t=0 1—v

E(Wr )2 b —— T ¢ —wa
t . t . t 2(1— Ht tYt
=0 ZﬁtE 2(1 T) 2<1 T) ( T)

—G W +C a, +yt — V.4, +XtW;/,r _XH,tat +%7Tf/,t

—v —U) on’
+0 ZﬁtEk i+ 2 X’Z“+ 2 s

Xy :C; T+ UNOCS,
v 1 V)
20,5 e, [0
t=0
o(2+¢) 1 1
00 —nr __Crz __Xfl,r_ (Wt+k) HCN + i X
k 2 2 2 2
+0, Y B'E,
t=0 r r r €W<1+90) w 2
TCW, —N Xy, —NW, — X, W, +—<7TH,t)
el G :
+0,y 8 VAT v |+ T+ Ty tip.
- ’ , (4-13-29)
2
+o(J¢I°)

with:
T, = +@2/{117H + @smv_,,lﬁy

Above results imply that © s must be disappear.
Now we focus on lines 2 and 2 in Eq.(4-13-29). Plugging Eq.(4-13-13) into lines 2 and 2
in Eq.(4-13-29) yields:
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E(Wr)z + T2 T y?— T2 —wa
> 2V 21-7) " 2-1)7" 2(1—7) " T
R MR e
— 9
- _thtr +Ctat +thtr —Y.q, +XtW;,t _XH,tat +7P7Tf:,t
pl2+¢ 1 1 1, , \
00 ( 2 )nrz _Ectz _Exil,t _E<Wt+k> HCN F G X
+6,)_3'E,
t=0 r r r Ew (1+¢) w )2
TCW, —N Xy —NWy o — Xy Wy, +T<”H,t>
1 r\? T 2 T 2 T 2
2<Wt) +2(1—r)cf 20—7)" 21—

15
r r r P 2
—CW, +Ctat +tht —Y:a, +XtWH,t _XH,tat +77TH,t

—+40 Y BE
2; ° +<,0(2+80)nz_lcz_lx2 _1<W’ >2+cn +c.x

- 5 et Ty e T S5 ek tt toH

r r r Ew 1+SO wo\?
+CtWt —N Xy, — W, — X, W, —+ — ( )( t)

T _1 2 T 2 T +1

20-7) 2" 207" |20—n)  2["
= +@225tE0 11+¢.a, —y.a, — Xy 0, +c.n, +CtXH,t —N Xy,
t=0

1+
+y, —(a,+n,)|w; +%”w:,t +w(ﬂ,& i

'T_(l_T> 2 T 2 1 X2+90<2+90>n2

20-7) 20— 20— 2

= t €
= +@22ﬁ EO +Ctat - ytaH,t _XH,tat + c.n, + CtXH,t - ntXH,t +?7TH,t
t=0
€y (1 + go) w \2
=== )

+
2 i

where we use Eq.(4-13-33). Plugging the previous expression into Eq.(4-13-29) yields:
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n(2—uv
gy, - V12—Y)

iﬁon{

y

'T_<1_T) 2 T , 1 X2+90(2+§0)n2‘
2(1—7) 21-7)"" 2(1-7)" 2
= @zzﬁtEo 1 —J’_Ctat — Y0, _XH,tar + c.n, +CtXH,t _ntXH,t +€?p7r,f/,r
t=0
g, 1+p), ., \2 122
+¥<WHI) +%yt2 + 2/{: T‘fl,t —¥Y.a,
S 1— (1—wv z .
+@3ZﬁtEo{ 5 . t2+ 1 ( 5 )Xf/,t + el Stz _n<1_/U)XH,tCt +uns,z,,
t=0
e vin(l—v)—1
ro,3 s, (Y
pary 2
+T,+7,+t.i.p.
+ol[¢)

where we use ©, =0, . Eq.(4-13-12). The 2nd line in the previous expression can be

rewritten as:

T—(l—T)Ctz_ T tz_ 1 t2+g0(2—|—g0)nt2
2(1—71) 2(1—-7)"" 2(1-7) 2
- €
+922ﬁt50 €0, — Y0y e — Xy 0, TGN, +C Xy — N X, +?p7Tf,,t
t=0
Ew (1+90> w )2 P P o2 P o
+—" — +—y, + —(1+
2 (T‘—H,t) anw, 2 Vi 2/£p Ty e < Qp)ytat
T—(1-7) , el-7)-7T , 1 , L e(249)
o t t n,
2(1—7) (1—7)2 2(1—7) 2

=+0,> BE,
t=0

Lastly, we have:
, (4-13-34)

™

H,t

+6W(1+(p>

2
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(7T

+Ctat - (1 + @)ytat - XH,tat + cn, + CtXH,t - ntXH,t

+€p[lip<1—0é)+90] ,
2K,

w
H,t

i




(7__ 1_7_) 2 Fl 2 1 2
“tasm T aan

= QZZﬁtEO 1 +S0< 90> ntz +¢.a, _<1+§0>ytat =Xy O +CN T C Xy 1
t=0

+ 1
el )

e 1—v ‘(1—v vn’ :
+@3ZﬂtE0{ . &y n°( . )Xfm + 2’ s; —n(1—v)x,.c, +U,’70-Cstzl,t}
t=0

R
_ntXH,t —+ — Otht

e 1-v)-1

+@4ZﬁtE0 {Msi} + To +ti.p.+ O<||£||2>
t=0

which can be rewritten as:

E, _U?](Z—U)
;ﬁEOJl@yt — St}

__5 _{_63772(1_“)‘% i,
2(1—7) 2 '
Joer |
(1—7’)2 ‘
n T—(1-7)0, +93<1—U) &
2(1—7) 2
:ZﬁtEO N 0,u1 +@4U[n(1—v)—1] g
t=0 2 2

_[_@2 + @377<1 - U)]CtXH,t + @zctnt - @2ntXH,t + @2Ctat
_@2 (1 + 90) Y@, — @zx a

H,t™t

. B6,0(2
+0,uns,z, . + wnf —aO,nw,

N 0,¢, [F&p + 30] 2o 0,e, (1+¢) (ﬂ—l‘:‘l/,t >2

25, 2 (4-13-35)

+T, + 7, Ht.ip.
+o(J¢[’)
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Eq.(3-1-8)’ can be rewritten as:

1 v(2—v .
¢, = y, — 1 ( )st ——2 7 . (4-13-30)
(1-v)o, (1-v) (1-v)
Eq.(3-1-11) can be rewritten as:
1 1 1 * 124
S, = c, — z,+ z,..(4-13-30)
1—v 1—v 1—-v ™

Eq.(3-1-26) can be rewritten as:
y, = (1—a)nt +a, . (4-13-30)"
Plugging Eq.(4-13-30)" into Eq. (4-13-30)’ yields:

co_ 1t _(2-v) 1, 1, 1 ) v
t_(l—v)acyt (1-v) (1-v C1-v "t 1-0 (1-v) e
5 5 5 , Which can be
_ 1 R —U)C +nv( —U)z v . n(2-v) .

(1_U)Ocyt (1—1})2 t (1—U)2 t_(l—v)zl't_ <1_U)2 2t

rewritten as:

(1—U>2+nv(2—v)c_ 1 +nv(2—v)z_ v z*_nv(Z—v)z*
(1—v) C(1-v)e. "t (1-v) Y (A-v) Y (1-u)

(4-13-30)""

. Finally:

o - (l—U)Z 1 7]U<2—U>Z_ v Z*_nU(Z—v)z*

GRS P N CH U

_ (1—v) 771;(2—1;) , v(l—v) S

T o G =) @) +ma—u)
T]U(Z—U)

2t

_(l—v)2 +nv(2—v)

Plugging eq. (4-13-30)" into the previous expression yields:
c :(1—U)n +77U(2—U)z _’U(l—U)z* _UU(Z—U)Z* 1-v

t t t 1,t 2,t +

Yo Yo Yo Yo Yo

a, . (4-13-30)

with v, E(l—v)z —|—77U(2—U) .

Plugging Eq. (4-13-30) into Eq.(4-13-30)" yields:
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1 1-wv v(2—v v(l—w nu(2—v) . 1-v
L ey
1 —vU ’71) /)/U fYL fYU fY'UO-C
1
1 z + Z, . (4-13-
— 1—-v
2—v)— . 2—v)—
:int+nv( v)—1, zt__zu_nv( )=, £ +la
7, (1-v)n, Y, (1-v), 1

32)

- - * 2_ - *
XHt = —v int _i_wzt _ﬂzl,t _MZZJ‘ _i_iat
Y, (1-v)y, Y, (1-v)y, Y,
2_ - 2 * 2_ - U *
:—int _v[m)( v) %]Zt +U—21,t +v[771)( v) %]zu —iat . (4-13-31)
Yy (1-v)y, Yy (1-v)y, Yo

Let plug Egs.(4-13-30) to (4-13-32) and (4-1-30)” into the second-order and cross terms
in Eq.(4-13-35). Then we have:

2

—lnt B U[U’U(Z—U)—’}/v]zt —|—U—Zz;t N vl (2-v)—7,] .
Xf” — ’yu (1_U) ’yb v (1_U>/7L
FYUO-C

o, 20 w(2—v)—7,] 200 . , (4-13-36)
- (”}/ )z t (1—U)72 tZe _7ntzl,t

20° u(2—v)—7,| . 20°
B [ (1—U)”y2 ]ntZZ,t +W”tat
+s.0.t.i.p

2 2
vi=(n+a,) (4-13-37)
=n?+2n,.a,,+s.0.Lip

o= (1_U)”t +nv(2—v)2t _v(l—v)z;t Cp2-v) o 1-vw

’YU /}/1) /}/7) /}/1) ’ ’Y’I )

2 2
:(1—v2) . ZUW(2—7;>(1_U) t t—MntZI} , (4-13-38)
(71)) ,y'zz ,
2(1—1})2

nz 75
2 2— 1-— «
_ U”( 1;)( U) n.z,, +————n,a, +s.0.t.i.p
v, Yo
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2
s = int + nv((lz — U; — z, z,, nv((lz — U)> — z,, + ! a,
v - U ﬂyl’ v - U 71 v
2(1—- 2—v)— .
B ( 1)2 ntz ! ( azlm)( ) ZU) L ]nfzt M2
71} - U ’Y'U

2 TIU Z_U _’YU * i
[ (i_ U)’)yz ]ntzz,t +?ntat +s.o.t.i.p

v

1—vnt+nv(2—v)2t —int
Yo Yo Yo
v(l—-v) . n(2-v) . vinu(2—v) =, v,
CtXH,t =\ ( >zl,t - ( >Zz,t - [ ( ) ]zt +_Zl,t
Yo Y (1-v)7, .
1- _
+( v)at v[nv(Z v) %] - v q
Yo (1—1})% Yo
v(l—v vinu(2—v)—", v (1—0v
- ( 2 ) tz_ [ ( 2 ) ] eZe T ( 2 )ntzlt
,YU ,YU v
1- 2—v)=7,| . 1—- n2—
+U( U)[nv( zv) fyb]ntzu _U( 2 U) n.a, _U 77( 2 U) n.z,
(1 - U) 71) 71) IYU
2 _ 2 _ _
—|—L2U)ntz;t Mng;t —U(l—zv)ntat +s.0.t.i.p
Vo Yo Yy
v(1—wv v2un(2—v)—7, v2(1—-v) .
- ( 2 >nt2 - [ 2 ]ntzt +#ntzl,t
(7.) gl o
2un(2—v)—~,| . 2(1— , (4-13-39
+v[ un( zv) % t zlt—LZU)ntatJrs.o.t.i.p ( )
/}/U (71))
1-v)(l—« nu(2—v v(l-v) . nu(2—v) .
(v)i-a), ), vi-v). m-v).
Cn — FY’U FY’U 71? 71’ n
tt t
L0,
Yo
1—v)(1— 2— 1— .
_1=v)@=a) , m2y) vl , (4-13-42)
,‘y’l) ,‘y’l) ,}/U
nu(2—v . 1-v
('y ) ntZZ,t ( ) ntat
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_ 2—v)— 2
v(1-a) t_v[nv( v) %]ZmLU—ZM
n.x —n 71} (1 - U)fyu fVU
t7H t U[’I?U(Z—U)—’)/U] * y
2t T O,
(1-v)7, T,
— 2—v)— 2
__v( O‘)nf _ym—v) %]ntzt +—nz, ,(4-13-43)
77) <1 - U) 71) 71:
2—v)—7 R
v[nu(2-v) %]”tzz,t Ve
(1-v)7, Yo
— — — . 2— . —
co - 1 vnt_i_nv(Z U>zt—v<1 v)zn_m}( v)zu_i_l Uat "
’y’UO-C ’y’u ’yv ,)/'U ’YUO-C , (4_13_51)
1—v .
=——-omn,0, +t.i.p
71)0-(.'
o, =ln +ala ., (4-13-49)
=n,a, +s.o0.t.i.p
2—v)— 2 2—v)—~.| .
_int B U[UUE U) 71)] Zt +'U_21,t n U[m}](- U) ’yl/]zz’t
Xtat: r)/v < _/U)fyzv v ( _U)PYU at
—Za, , (4-13-52)
/YU
= —intat +s.0.t.i.p
v(2—v)— " v(2—v)—", -
_nt+77 ( ) T zt_izl,t 1 ( ) i zZ,t
* Yo ( _U>’yv Yo (1—7))’}/U *
Stzl,t - 1 zl,t
+ a, , (4-13-53-¢)
’YUO-C

=——n,z,, +s.0.ti.p

where we use Eqs.(4-11-6) and (4-11-7) to derive Eq.(4-13-36).
Now we calculate coefficients of  in Eq.(4-13-35). These are given by:
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1 @2+77 (1_U)@3 th__@z +(1_7')77 (1_U>®3 X2
2(1—7) 2 2(1-7)
_(1—7’)[772(1—1))@3]—@2 , '
2(1—7’) '
o,r, |, (1-7)8,+6,(1-p)0I, ,
(1-7)2 i 21-8)(1—7)o, t
T_(1_7>®2 @3(1_U) Cz_{T_(1_7_>]®2+(1_T)(1_U)@3 c?
2(1—7) 2 | 2(1-7) t
_(27—1)@24—(1—7)(1—’0)@3(:2
B 2(1—7) ‘
(1-7)0,(1-v)—(1-27)6, ,
= c;
2(1—7)
2 — ) — 2 1-v)—1
O,un) +@4U[n(1 v) 1] sf:U{@377 +@4[77( v ]}sf , and we define as
2 2 2
follows:
< A ek /1 ) < PRl S SO
' 2(1—7)
2 — 0,1 1a.
% F12_2<1_T),(4 13-55)
&, = (1-7)0,(1—v)—(1-27)6, (4-13-56)
2(1—7)
s T, = O +O, [727(1—1;)—1], (4-13-57)

CeXpy e 1—\15 = _@2 +@377(1_U) , (4-13-58).
By Plugging Eqs.(4-13-36) to (4-13-39) and (4-13-54) to (4-14-58) into lines 3 to 7 in Eq.
(4-14-35), we have:
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o,
2(1—7)

@3772 (1 - U)Uc
2

+

T—(1-7)0, n 0,(1-v)o,

2(1-7) 2 2 2 ‘
—[—@2 +0,n(1- v)ac]ctlet
v, 220 u(2-v)—7,] B 3nz*
F (”yv>2 t (1—1})’}/12) t=t 12, t=1Lt
o ZUZ[UU(Z—U)—%] . 2
— (1_1})72 n.z,, +—-n.a,
+1,, (n? +2n,a,, )
2 2
(1;21)) nt2 +2U77(2 _F;j)(l_v) n.z, _ZU(]:)/:U) ntZI,t
e 21;77(2—1;)(1—0) U 2(1—v) U
_ 72 ntz;,t —|—Wntat
1 n2+2(1_a)[nv(2_v)_%]nz _Ynz
(")/ )2 t (1—1})”}/5 t=t Z t=1,t
+l,
2[772)(2—1))—%] .1
_ (1_1})72 ntzz,t +—2nth
v(l—wv v|2vn(2—v)—", v2(1—v
_ Ev ; ) [ (72 ) ]ntzt+ (72 )ntzl,t
r. | v v v
15 +U[2U7}(2—U)—%] . _UZ(l—U)na
’ylz) te2,t (’y )2 t7t
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2 20 nqu(2—v)—7,|T 3 .
— /E} F)lzl ntz v [TIU<<1 U)) - 71)] 11 ntzt . ZU :511 ntzllt
,71, —v fyv fyv

_ZU2 [nU(Z—v) —’y,U]Fn . 20T

(1_ U)’yz N2y +ﬁnrat + Flzntz +2F12ntaH,t
v v C
(1-v)'T,, o2 2un(2—v)(1—v)l, . 20(1—-v)' T, 0y
(’y )2 t ,_y% t=t 72‘ t=1,t
2
_ 2U77(2 — U)z(l_v)rla ntz;t 4 2(1 — U)z L'y na, + F142 n?
’y“ (fyv) (’YU>
2[771)(2—1))—71)]1114 ol . Z[UU(Z—U)—’YU]FM .
+ (1_,0)72 n.z, — ’}/2 nz,, — (1—U)’)/2 te2t + (
v(1-v)ly , U(l_a)[zvn(z_v)_%']rl5
2 nt’ + 2 nfzt
(7.) g2
v2(1-0)Ty . v(l—a)2up2—v)—7y,|Ts .
- . t41,t 2 2yt
N v2(1— U)ZFls na
(fyvO-C)
vy, T (1-v)'Ty, 4 Py v(1—v)Ty
20t 1277t t

(7.) (7.)

ZUZ[UU(Z—U)—%]FM p 2un(2—v)(1—v)l,

(1-v)7 t gl o
2 2—v)—~, | 2un(2—v)—~, |’
i [771)((1 U)) ;YU] 14 2+ U[ U77( 12)) %] 15 nz,
—v ,sz ,Y'la
3 )2 2 i
o zvfygll ntzI,t —%’%Z; - szm ntzI,t _%nté,t
L2 w—v) =y [Ty 2up2-v)(a-)ly,
e
2lp(2—v)—7, [T . v2op(2—v)—7, T
- (1—’0)"}/2 nz,,— 72 nz,,
2 ) i
+Zv Fil na. +20 na, + 2(1 v)z I, na, + I‘142 na v2(1 Uz)Fls
/sz (/}/v) ( v) (71?)
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_’UZ[HU(Z—U)—’}/U]FM .

- 77(2—1})(1—’0)1—‘13

2 1
712) _[nv(Z—v)—%]FM B U[Zmy(Z—U)—'yU]FlS
1—v 2
2v

v [nv (2—v)— fy,U]Fn

VT, +(1—0)' Ty, —|—%—|—U(1—U>Fls

ntzl,t

Fon2-v)L-v)r,

2 (1-v)
N [m}(z — U) — %]FM

U[Zvn(Z —v)— %]Fls

1)

_Uzrn - ('Yu )2 I,

(7.)

_UZ[UU(Z—U)—%]TH "

2

1—-v

2
12; [UU(Z—U)—%]FM

- n(Z—U)(l—U)FB

B v[2on(2—v) =7, ] s

1—-v
UZFM + (1 — U)Z I's+
+U(1 — U)Pls

v [771) (2—v)— fy,U]Fn

2

Tu
2 nz, .

2 (1-v)
4 [UU (2 B U) — ] Iy,

+un(2—v)(1—-v)T,

N U[Zvn(Z—v) —%]Fls

(1-v)

2

2

2

_UZFM _(FYU) F12 —(l—U) F13
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n.z,

ntzz,t

r
—(1—1})2 r, —%—U(l—v)l“ls

n.z,

ntzz,t

2 [UZFM + (71;0-6 )2 F12 + (1 - U>2 1ﬂ13 + F14 + U(l - U>Fls}nf

n.a,

{[Uzrll + (1 - U)Z F13 + F14} + (/YU )2 Plz + U<1 - U)Pls }ntz



:;2 VT 4+ (1=0) Ty + T, [+ (7,00 Ty +0(1 =)y b2
(7130-6)

RTINS

- 22 1 v ntzl‘
71;O-C _[UU(Z_U)_’YU]FM . U[ZUT](Z—U)_’)/U]FIS
1—v 2
2 F *
_z—v Uzrn + (1 - U>2 1ﬁ13 +—=+ U<1 - U) Pls nz,,
fYUO-C 2
2 2—v)— T
) [UU( U) %,] 1 —|—U77(2—U)(1—U>F13
2 (1-v) =
75‘% N [771)(2 - U) -, ]FM N U[ZU?](Z - U) - %]Fﬁ e
(1-v) 2
2 2 2 2 L'y,
- 2|~V Fll_(7u0c> Flz_(l_v) FB———U(l—U)FlS n.a,
(fYUO'C) 2
(4-13-35a)

By Plugging Egs. (4-13-40) to (4-13-53e) into lines 8 to 12 in Eq. (4-14-35), we have:
@2Ctnt _@ZntXH,t +®2Ctat _@2 [1+(p]ytat _@ZXH,tat +@3U775tz:,t

1—vn2+nv(2—v)nz_v(1—v) . m(2-v)

t ~ t<t ~ té1t —W—ntzu
- @2 IYL v v v
(1-v)
+ n.a,
fYUO_C
2—v)— 2
v tz_v[nv( v) %]”tzﬁ'—ntzlt
_@ 3 ’YI (1 o /U>fy“ v '
2 U[TIU(Z_U)_’YU] * v
nz,, ——n,aq,
(1-v)v, T,
0,(1- )
+— (7 U) n.a, — @2 [1 + @]ntat — @2 —intat + @3U7] nz
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_ (1-v)0O, e n(2—v)6, nz - v(1-v)O, n,
,Yzw /}/1) 7“

_(2-v)6, nz. _+(1—U)@2 na

’yv , Fyb

L o(1-a)8, , vm—v)-7]6, - e

2
nt 1 ntzr - ntzl,t
Yo ( _,U)fyv Y

2—v)—7,10, .
_v[nv( v) %] 2zl + 0O, na,
(1 - ’U)’yv P)/UO-C

vO O.,v .
na, — @2 [1 +90]ntat + 2 n.a, + 2 ntzl,t

2u|0 © .
~ 72_ 772 2 ntzl,t
2v 77(2—1))@2 n [77U(2 _U) _'71;]62
v, 2 (1-v)2
_(l—v)@z 00, _@2(1—1))
2 2 2 2

h.a,
Yo _i_@z%,»o'c [14—90] v,

*
ntZZ,t

ZU ’Y’UGZ nf}/t’@3

*

ntzl,t

vl o2 2
w|n(2-0)8, [w(2-v)-7,]0,
v, 2 (1-v)2

0,7,[1
2 _%_2+M ntat
Tlo2 2 2

ntZZ,t
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g nt
Yo
_i _77’1](2—1})@2 _ U[TIU(Z_U)_’}/U]GZ nz
fy’u 2 2(1—1}) et
_Z_U _77@3 _62 ntzI,t
Yo 2
_ 2 v)—~ l©® )
_Z_U _|_77(2 U)®2+[7]U( U) ,yv] 2 ntzz,t
f}/'u 2 (1_U>2
_2| 26, + 0,7, [1+‘P]]nt0t
Yo 2 2
o,
Yo
2| vO,n(2—v) U@z[%—nv(z—v)]
o~ + n.z,
711 2 2(1—U)
20[0, —n0,] . . (4-13-35b)
o My,
/71.7 2
_2v|n(2-v)6, +[77v(2—v)—%]®2 "
Yo 2 (1—-v)2 '
0,42+~ 114+
2 A2+, +”}"th
Yo 2

Combinig Eqgs.(4-13-35a) and (4-13-35b) yields:
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2
Yo

2

—07,0,n(1-v)(2—-v)

{[Uzrn + (1 - U)Z Fp+1y, ] + @zVU}
—I—(%UC )2 I, + U(l — ’U)Pls

[nv(2—v)—7, ]{[—Z(UZFH +T, )] — v%,@z}

2

n;

2(1—v)

+[_U77(2_U)(1_U)2F13 —v[2un(2 _U)_%]Fls}
2

Uan +<1_U)2 F13 +%+U<1_U)F15

_vu[n(l;a)@a—@z]

nz

(-0

v [nv(Z —v)— fyv]Fn N un(2—v)(1- v)z I,

1)

[UU(Z_U)_’VU]FM U[ZUU(Z_U)_%;]FB

(1-v)

285 {n2=v)1=v)+n(z=v)v—r,}

2

t

(1—2))2

_UZFM - (7v0c )2 Flz - (1 - U)z I‘13 - % —v (1 - U) I‘15

(7. L0 {24+9,149)}

2
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2,t

|

nz
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. 1 {[Uzrll + (1 - U)Z 1_\13 + I\14 ] + @2713} nz
— . ;
(71;) +(/Yu)2 I\12 +U(1_U)F15
[—1}77(2—1})(1—1})21“13 —v[2un(2—v) —fyv]PE]
2
41 5
2 [Un(Z—U)—fva—2<v r, —l—FM)]
- + »ntzt
v, 2(1—v)
. [UU(Z B U) B ’y’u]U’yvUCGZ + UO—CIYUQZT](]'_U)(Z _U)
2(1—v)
' 2 2 1—‘14
20 v Pn +(1_U) P13 +T+U(1_U)P15 .
_2Y] nz
7’5 _7u[7763 _@2] o
2
v’ [nv(Z —v) — "yU]Fn + (1— U)z m)(Z - U)FB
1=v)
_%( +[nv(2—v)—%]1ﬁl4 +U[2U77(2—U)—%]Fls 2.
’Y’U (1_U) 2
+%JC@2 {n(Z—v)(l—v)—l—n(Z—v)v—%}
(1-v)2
r
) _Uzrn_<’VU)ZF12_<1_U)2F13_#_U(1_U)F15
__c n.a
(’YU )z _I_@z%; {2+'yv [(1—(1)4—90]} Yt
2
Let define:

FSZ = [UZFM + (1 — U)Z F13 + I‘14 } + 62/)/:'
I',= ('VU )2 Iy, + U(l - U)F15

F54 = —U??(Z—U)(l—v)zrlg _U[ZUT’<2_U>_’7U]F15

Ly=nu(2—v)—~,
I =2un(2—v)—7,
I, =—un(2—v)(1—v)2l, — vl Ty
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L= _2(1 - B)(UZFM + 1114)

T F57 (1_U>+F55F57B

* 2(1—v)
F — FSSUVUC_‘)Z +U71)®2n(1_v)(2_v)
e 2(1-v)
F60 EUZFH +(1_U)2 F13 +%+U(1_U)F1S
v,|n0; —0
r, =210
I I‘55 (UZFM +T, ) + (1 o U)Z UU(Z B U)FB
62 — (1—'U)
r = (l—v)(ZFez —I—UF56F15)
o 2(1—v)
F — 71762 [n(z_v)_’}/v]
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(1-v)2

T
Le = _UZFM _(71: )2 | P _<1_U>2 Ly _%_U(l_rl})FlS

0,7, 247, (1+¢)]
2

I, =

70

Then, the previous expression can be rewritten as:

1 2 .
2 [Fsz + 1—‘53]”152 _z—[rss - Fsg ]ntzt _z—v[reo - FGl]ntzl,t
(e T G (4-13-35¢)
2 . 2 '
_2—[F64 + FGS]ntZZ,t _—[F69 + F70]ntat

71)0-(? (fyva-C )2

Plugging Eq. (4-13-35c) into Eq.(4-13-35) yields:
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1 2 2v

7[F52 +F53]nt2 __z[rss _FSQ]ntzt T2

v v v

2 . 2
_'7_12;[F64 +P65]nt22,t _?[Pss + F7O]ntat

v

n @24,0(2 + go)
2

O,¢, [/ip —|—g0]

(1 — a)2/<ap
+T, +7, +t.i.p.
+o(¢f")

which can be rewritten as:

2
nt

2 +®2€w (1_‘_90)(

2
w
Ht 71]-/,r)

1 2
_z[rsz +P53 +F72]nr2 _7[F58 _Fs9]nrzr
X 2 .2
- Zﬁ Eo __2[F64 —J’_FGS]ntzZ,t __Z[Feg +F7O]ntat
t=0 v v
C] o+ C) 1
" 2ep£/;,,_¢] it 2O
p
+T, +71,+t.ip.
+oflef’)
2
with T, _O0+9)(0)
2

Plugging into Eq.(4-13-82) into Eq.(4-2-17) yields:
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[Feo - FGl]ntz:,t

2v

o _Z[PGO - Fel ]ntz:,t

v

, (4-13-82)



1
_2[_F52 —I'y, =T, ]nt’z

2

W =-S5 | ) L+ o(ll<)P )
;6 t @ZSP[HP +90] , 05,0 +¢), v (”5” )
- 2% Tt — 2 <7TH,t>
'p
+wn3
N €, (21—<I>) a2 e, (1+e,0)(1—D) (wf" >z
Ky 2K,
v(2—v 1-®)(1+
V) t - 3 9.
W—gﬂ Et Ep (1_¢) ﬂ-z _EW (1+€W90)<1—(b> _ ) +O(||€| )r (4 2 17)
H,t+k t+k
2K, 2k,
which can be rewritten as:
1 2(1—-®)(1+
_2_l—‘sz_1—‘53_1—‘72""7/< >< SD) ntz
2 2 *
T[_Fss + FSS]ntzt +7_1;[_F60 + FGl]ntzl,t
| 2 * 2
+_2[_F64 - FGS]ntZZ,t +7[_F69 - F7O]ntat
- e £,1(1=®)—0,|r, +¢
-3 ANl ) o)
k=0 '

+

_2[_
v

2

2v .
Fss + F59 ]ntzt +?[_F60 + Fel]ntzl,t

v

2

« 2
+_2[_F64 - FGS]ntZZ,t +_[_F69 - F7O]ntat

£u[-0,(1+ )k, +(1+¢,0)(1-2)]

2K

w

In the previous expression, line 1 can be rewritten as:
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I, -I'y,-T

520 +53° +72

| =) (a+) -

2 2 «
_2[_F58 + 1-‘59 ]ntzt + 7_12)[_]‘-‘60 + F61 ]ntzl,t

v v

_PN%H
0

2 * 2
! 2 +—2[—F64 - FGS]ntZZ,t +_2[_F69 - F7O]ntat
_Fsz - Fsa - I‘72 FS:—Z’— F59 Z, + [ :2 61] Zyy

== Y(1-®)(1+¢)n—2n ’ ’

Vo |+ gl )( o) t Lo Lo « | —LTe—1T5

2 + 2 2t 2 t
Yo Yo
21-@)(1

Let define Q,=-1',,—I'.,—T', %( )< —HO) . Then:
_gntz ) ) _Fss j‘rss z, + 7‘)[_1—‘602—1_ FGI] :’t _F64 Z_Fes ;’t _Fs9 2_F7o at]

v FYU ’.Y’U F)/’U F)/'U

_Fss + Fsg U[_FGO + FGI] * _F64 — Fes *
2 2 z,+ 2 1t + 2 2t !
_ _;)ntz ntz _ 2 Fyv nt Fyv ’711 Fyv
v QO + _FGQ 2_ F70 at
Yo
:Q_;) ntz —2n, _Fss +F59 z,+ U(_FGO +F61) ;“t _F64 _Fss z;t + _F69
Yo Q Q, ’ 0 ’ Q

Let define:
O = *Fss + I‘59

1 QO
O = *Feo + Fel

2 Qo
0. = 7P64 - Fss

3 Qo
O = 7F69 *F70

5 Qo
and let define:
ni =0z, +vQz,, + Uz, +Q.0,.

Then the previous expression can be rewritten as:

Finally, we have:
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. S —®)-0,(k
W=-> "3, —|—€p[(1 ) 2(% +g0)] Ty, ,+s.o.t.i.p.+o(||§||3).
k=0 2f€p
L -6, (1+90)f<;‘;+(1+8wgo)(1—@)]<7#/ >2
/{W
e, |(1-P)—0,(k, +¢
Let define A = ZQZO , A== {(1 )-©; <f - erﬂ and
v, K,

—0,(1 1 1-P
szgw[ 2 (L), +(1+ep) >].Then we have:
K

w

=g o+ T raotioeld),
k=0

Let define n, =n, —n?. Then we get.

A

=36 i+ et 4 e (Y st offF)
k=0

Based on the previous expression, we have:
A, . A A, 2
L N7var(nt)+7Pvar(7rHlt)+Tvar(7rl”) ,

which is Eq.(15) in the text.

5 The NKPC and the Wage PC with Efficient Level

Eq.(3-1-34) can be rewritten as:

:utW:Wt_pH,t_USt_(:Ont_ct
=W,—p,+p, — Py, —VUS, —pN, —C
t t t H,t t t t,(6_1)
:wt_<pH,t_pt)_USr_90nt_ct

=W, —en, —¢

with  w, Edvgf/vl‘: being the real (consumption) wage. Under the flexible wage
t

equilibrium, 1" =0 is applied. Under that equilibrium, Eq.(6-9) can be rewritten as:
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wi =en +c;, (6-1)

. e ~ e __ A
with w; =w, —w, and ¢/ =¢c, —¢c,.

Eq.(3-1-24) can be rewritten as:

mc, = Tt+Wt_pH,t_pt+pt_at_ T
1-7 1—7
1
= Tt+wt_<pH,t_pt>_at_ T
1—7 1-—7
’ (6_2)
1 1
= 1_7_Tt +wt_XH,t_at_1_TT
1 1
= T, t W, +vs, —a, — T
1—71 1—71
where we use Eq.(3-1-7).
with s; =s, —5,.
Eq.(3-1-11) can be rewritten as:
. 1 o 1 , 1 ,
1wt 1wt 11— Y
which can be rewritten as:
1 1 1 .
si = ¢ — z, + z,..(6-4
S P R L R (6-4)
under the efficient equilibrium.
Eq.(3-1-8) can be rewritten as:
1 m(2—v) U
C, = Y, — s, — Z
1ot 1-v ¢ 1-v ™
1 mw(2—v)( 1 1 1 . v
= Y, — C,— Z, + Z,, Z,
1-v 1-v \1—v 1-v 1-v 1-v
1 m(2—v)  n(2—v) v (2—v) .
- Ve — 2 Ct+ 7 4 2y — 7 %ot
= T e ™ 1y

where we use Eq.(3-1-11). The previous expression can be rewritten as:

(1—v) +m(2—v) 1 n(2—v) v

*

nm(2—v) S

(1—U)2 Ctzl_vyt+ (1—U>2 Zt_l—U

Then, we have:
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¢ = v, 1— yt+ ( _U)z Z, 1— 1t (1—1))2 2,t
1-v  mR-v)  v(l-v) . 2-v). '
- t Z, — 1t 2t
’7’[ ,Y’U ’7’[) v

with 7, =(1—v) +v(2—v).

The previous expression can be rewritten as:
e 1—v ., mu(2—v v(l=v) . n(2—-v) .
¢ = Vi + ( )zt - ( )zl,t - ( )ZZ,t' (6-5)
,‘y'U ’yU ,‘y'U ’yl)

under the efficient equilibrium.

Eq.(3-1-26) can be rewritten as:
yte :nf +atl (6_6)

under the efficient equilibrium.

Plugging Eq.(6-6) into Eq.(6-5) yields:

e 1—v ., 1—w nu(2—uv v(l-v) . nu(2—-v) .

t n, + a, + ( >Zt o ( )Zl,t o ( )ZZ,t : (6'7)
’yl) ,‘y'U 71} VU ,‘y'U

Plugging Eq.(6-7) into Eq.(6-1) yields:

C

— — 2— 1-— . 2— .
wf:gonf+1 Unf+1 vat_l_nv( U)zt—v( v)zu_nv( v)z“
/Y’U ’Y’U /y v /Y’U ,y U
5 ) 5 . (6-8)
N P Sk e+ 1—v o+ n(2—wv) - v(1—v) . n(2—v) .
’Y’U ’Yb ’yU ’Yb ’yU

Plugging Eq.(6-7) into Eq.(6-4) yields:
. 1 [1—-wv 1—v nu(2—v) v(l—v) . n(2—v) .

St = nte + a, + Z, — Zy;— Zyt
1-v| 7, e Yo Yo Yo
1 1 .

— z,+ z,, . (6-9)
1—v 1—v ”
1 . 1 nu(2—v)—-, (T 771)(2—1})—% .

=—Dn +_at + ( ) Z, __Zl,t - 2t
Yo o M (1-v)y, Y, (1-v)y,

Now, we turn to Eq.(6-1) " =w, —pn, —c,. Plugging Eq.(3-1-26) into Eq.(6-1) yields:

W_

My W, =9y, — ¢ +¢at

:C‘Ajt _so)l)t _6t +w: _Spyte _Cte +90C’t

Plugging Eqgs.(6-6), (6-7) and (6-8) into the previous expression yields:
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W oA A oA ,tl—-v . 1 v(2—wv v(l—-v) .
n =0, — o, — &+ “n “a,+- ( >Zt— ( >th
Vo Yo Yo Yo
_Sp(nte+at>
l1-v , 1-w v(2—v v(l—v) . v(2—v) .
- n, + C’t-i_77 ( >zt_ ( > 1,t_77 ( >22,t -I-QDGt
Vo Yo Vo Yo Vo
n XA yFl=—v—yp—(1-v) .
=, —j, — 6+ 7'“0 1-v),.

=W, — Yy, — G
Then, we have:

1 =, —py, —C,.(6-14) [(27) in the text]

Egs. (6-8) and (6-9) into Eq.(6-2) yields:
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mct:u“zt+v§t+wf+vsf—at+1_77-t—1_7_7
=, + s,
_|_997,1)+1—Unte+1—vat+nv(2—v)2t_v(l—v)z;t_nv(z—v) .
7’1) ,7/1) ,7/1) ,7/1) /y’l )
2_ - * 2_ - *
+v ianriatJr—m)( v) %zt—izllt——m}( v) %zu
Yoo M (1-v)v, Y (1-v)7,
1
—at+1 Tt—l T
-7 -7
A N 1
=w, +vs, + T, — T
—T 1—71
_ _ 2—v)— —v) .
_|_99%+1 Ute nu(2 U)Zt+v[7)( v) %]zr_v(l U>21,t
71) 71) (1_U)7v 71)
=) o vm-v)=y) L
’YL, 2;t (1 . U) '}/U 2t t
=d, +US, + 1 T, — ! T—a
o Yl 1—7 '
1 2—v)(1-v)+n(2—v)—7, .
e P UG () R (Gt %’}zt—izu
Yo Yo (1 - U) Yo
U{n(Z—U)—FnU(Z—U)—%} *
- Zy,
7, (1-v)
=d, +US, + 1 T, — ! T—at—i—l—Hp%nf
1—71 1—7 Y,
v{n(Z—U)[(l—v)-l—l]—fyU} v .
+ z,——z,
7, (1-v) Y
_v{n(z—v)[(l—v)+1]—%}2*
7U<1_U) 2t
=d, +US, + 1 T, — 1 T—at—l—ﬂnf
1-7 1-—7 Yo
=o' =] o . vpe-v -]
Z; __zl,t - zZ,t
7. (1-v) Y, 7, (1-v)

Then, we have:
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.1 1 1 vin(2—v) -7,
mCt:L&t+U$t+ T, — T—at+ +(‘0fy“nf+ [ } _i .

1—7 1—7 v, fyu(liv) v, ,
o[n2-v)-7.] .

"YI, (1—U) ZZ,t

. (6-

15)
Adding the LHS of Eq.(3-1-12) y, =[(n—1)v(2—v)+1]s, + (1—v)z, +vz;, — (1-v)z,,

while subtracting the RHS of Eq.(3-1-12) into Eq.(6-15) yields:

1 e vln2-v) =]

. o 1
mct:wt+vst+1_77t—1_77—t+ ) n, %(1_1}) Z,
U * U|:77<2_U)2_’-}/’U:| *
—Z, — z
/YU H Vu(l_v> 2t
2
.1 1 1 vin(2—v) =7,
=w, +vs, + T, — T—a,+ —Hp%nf%— { ]t
1-7 1-7 Yy fyv(l—v)

v . vnE=vf =7
_Zl,t_ Zz,t

Y, 7, (1-v)
+{)7t +y; —[(n—l)v(Z—v)Jrl](i +sf)—(1—v)zt —vz,, +(1—v)z;t}

A ) R 1 1 1+ »U+ /1' e
:wt‘|‘yt+{U[1_(n_1)(2—v)]+1}st+1—TTt_1—TT+ 901, o

e v[n(z—v)z—%]—%(l—v)z v(1+7,) .
~[(n=1)v(2-v)+1]sf + 7, (1-v) “ Yo s

on@—vf =7, |-7. @)

B 7, (1-v) e

. . 1 1 1+7,(1+¢) .,

_wt+yt+{U[1—(n—1)(2—v)]+1}st+1_T7't—1_TT+ S (6
vin2—v) —7y,|—7, Q1 —v) 1+ )

—[(n—1)v(2-v)+1]s; + [ ( } zt—v( %>Zl,t

7, (1-v) Y,
B U[?](Z —U)Z — %} -, (1 — U)Z S
7, (1-v)

16) [(22) in the text]

2,t

where we use Eq.(6-6) y; =n; +a, toeliminate y; inthe 5™ line.
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Chapter 2 The FTPL Model

1 The Model

1.2 FTPL Model

1.2.8 FTPL and the GBC with Euler Equation

The GBC is given by:

Bl =R, B/, —PSP,, (1-1-45) [(37) in the text]

with

SP. E%(TIK —G,)—¢,, - (1-1-46) [(38) in the text (Please ignore ¢, )]
t

Multiplying R: both sides of Eq.(1-1-45) yields:

RBl =RR_B,~RRSP

t -1

Iterating j times implies:

J J
Rr+jBtn+j = HRHhBtHA - Z
h=0

h=0

J
HRt+k

k=h

P.,SP., (1-1-54)

Dividing both sides of Eq.(1-1-54) by Psj.1 yields:

B” ) 1 J ., 1 J J
t+i p = p HRH—hBt—l _—Z[HRt+k]R+hSPH,t+h (1-1-55)
t+j+1 t+j+1 h=0 t+j+1 h=0\k=h

The first term on the RHS in Eq.(1-1-55) can be rewritten as:

1 ﬁR g — P Pafys R R R R __.Bz,t—l
HHhTH L T t+j -1 -2
Pt+j+1 h=0 Ptﬂ.+1 Pt+j Pt+j—1 Pt+1 JUt j P

=R i, R R‘+j—1'”R P B, (1-56)

t+j t+j-1 ¢
Feiin Y P R

— ﬂR Pt+i B;Ll

- t+h —
h=0 Pijn) P

The second term on the RHS in Eq.(1-55) can be rewritten as:
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J
HRt+kPl“SPH,t
k=0

J
1 Z[HR ] 1 +HRr+kPmSPHtH+
t+

p Pt+hSPH t+h —
t+j+1 h=0 \k=h t+j+1
+ H Rt+k t+j— 1 Ht+j 1
k=j—1
+Rt+]e+jSPH t+j
P i P.. P
_ t+j t+j t+/ 1
t+) p SPH,t+j + H Rt+k p ——SF, -1
t+j+1 k=j-1 t+j+1 Tt
i P P P i P P
t+j t+j—1 "t+j-2 t+j t
+ H Rt+k p p SPHf+j 2 +"'+HRt+k— 'P_SPH,t
k=j—2 t+j+1 Tt Tt k=0 t+j+1 t+1
! 1
:HR kHt+k+1S W) T H Rt+k t+k+15PH,t+j71'“
k=j k=j—-1

J
+ Ht+1k+15 H,t+1 + HRt+k t+k+15P

. (1-1-57)
HRt+k t+k+1 Ht+h
Plugging Eqgs.(1-1-56) and (1-1-57) into Eq.(1-1-55) yields:
t+/ PH - [HRt+h t+/+1] = +Z[HRt+k t+k+1] t+h * (1'1'58)
t+j+1 t h=0 \k=h
Eq.(1-1-7) can be rewritten as:
LBtz
== (1-1-59).
Rt Ct+1 Zt
Plugging Eq.(1-1-59) into Eq.(1-1-56) yields:
J 1 C* Z 1 C7
HRtJth:fl:thtj 2 tlﬂ ! Rt+j71 28 Hjll HFl
t+j+1 h=0 R Ct+/+1 t+j+1 Rt+j 1 Ct+] Zt+j
07 CZuag PGB 2 (1-1-60)
t+1 —
Rt+1 Ct+2 Zt+2 R Ct+1 P Zt+1
_gum & "B, Z
c! P Z

t+j+1 Tt t+j+1

Plugging Eq.(1-1-59) into Eq.(1-1-57) yields:
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P.,SP

S,

T
>
—_

t+h t+h
t+j+1 h=0
J j -1 -1
:Z HRH—kﬂ Cil Zt S'Dt+h
h=0\ k=h Rr+j Ct+1 Zt+1
C.l Z., CliiZ., Gz, L, Ct
— A1 C_t1+1 t+] SF,H]__'_ﬁ—Z t_+11—1 t+j-1 SPt_H-_l‘i"'“Fﬁ_ CC_‘t1+1 Zt+/ S'Dt+1+6_j_1gtTZiSPf
t+j+1 “toj+1 t+j+1 St t+j+1 “t+j+1 t+1 T+l
(1-1-61)
Plugging Eqgs.(1-1-60) and (1-1-61) into Eq.(1-1-55) yields:
B, vy C'Z, B 1 o
Rt+' J :/8*(1+1) _t t t-1 — Z/Bhijilc;_:hzt-#hse‘Fh (1-1-62)
! P Ct+lj+1 Ziyn R Ct+lf+1zf+i+1 h=0

Multiplying 3’ on both sides of Eq.(1-1-62) yields:

. B’ . ct z B 1 i
51Rr+' t+j :6—1 j t t—1 - Zﬁhilca-lhzwhse-;-h (1-1-63)
]Pt+j+1 Cr+1j+1 Zt+j+1 Pt Cr+1j+1zt+j+1 h=0
Take the limit for j— oo vyields:
11 B N e
0:6 1Cr 1Zt ;1 _Zﬁh 1Ct+1hzt+hSPt+h (1'1'64)
t h=0

Here, the TVCis given by:
_ B’ .

Ilm ﬁIRH—j L] =0

e t+j+1

Eq.(1-1-64) can be rewritten as:

t+h=t+h=" t+h

571C;1Zt B,,l _ Zﬁh71C71 Z Sp
t h=0

= ﬂilctilztspt +C;+112t+1SF’t+1 + BC;r:lZZt+ZSPt+2 +e

Multiplying 5 on both sides of the previous expression yields:

B Bn7 o0 B
C, 1Zr t=1 § ﬂhCthZHhSPHh (1-1-65)
h=0

= Cflzt5Pt + 5C;+112H15Pt+1 + Bzct;lzzwzspwz T+

which can be rewritten as:

S B (CAZiSPL)
1 — k=0

B

t

R

t

Z BkEt (C;:thJrkSBJrk )
k=0

C,'DB, II,*

t—t-1

or 1= [(40) in the text]

1

c''z

t t

Leading Eq.(1-1-65) one period yields:
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_ B! _ _ _
Ct+112t+1 ——= Ct+112t+1SPt+1 + ﬂCtJrlzzt+25F)t+2 + ﬂzct4r13zt+3spt+3 T+
t+1
Multiplying 5 on both sides of the previous expression yields:
_ B! _ _ _
B¢ ¥ Zt+1 ——= ﬂcmllztﬂsptﬂ + ﬂZCHIZZHZSPHZ + 63Ct+13zt+3spt+3 + (1_1_66)

t+1
t+1

Plugging Eq.(1-1-66) into the second line in Eq.(1-1-65) yields:

B’ B’
Cglzt = C;lsptzt +ﬂc;+llzt+1_t
R P

By dividing C,'Z, yields:

cLz. B - ctz B )
Cf—*j;—tlp—f] or B, II,* = SP, + 3, [Cf—f%lgtntjl]. (1-1-67) [(41) in

t t+1 t t

Bn
—= SR+ 0E,

t

the text]
1.1.9 Market Clearing Condition
The market clearing conditions in the SOE is given by:

Y. (i) =C,(i)+G,(i)+EX,(i). (1-1-68)

€

P

ep—1

Let define Y, E[let(i) % dir’1 . Combining them with the definitions of the PPI
0

indices yields:
Y, (i)= [P’”—(') Y,.(1-1-70)
H,t

€

Sp
e,—1

1 &1 &p
Let define G, E[f G, (i) = dh] . Combining this with the definitions of the PPI
0

indices yields:
G, (i)= P () G,, (1-1-72)
PH,t

Eq.(1-1-43) can be rewritten as:
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* -n
P .
EX, =v|2&| C,
R
PH,tE 7
=v|-45-%| C
L
PH,t B
E, .
=v|p C, ,(1-1-43).
F,t
Et
L
P .
=v ':'t C,
F,t
=vS'C,
Plugging Egs. (1-1-31), (1-1-32), (1-1-39),(1-1-70), (1-1-72) and (1-1-73) into Eq.(1-1-68)
yields:
O e, () "l(p )" .
[_H'f() Yt:[_H,f()] [i] (1-v)C, + SuC, +G,
PH,t PH,t Pt

which can be rewritten as:

P,.|"
Y, :(1—1;)[% C, +vS/C, +G,. (1-1-76)

t

because 1—v=a and v =0.
1.1.10 Firms
Production function is given by:

Yt<i):AtNt<i)'

with

€
“w

|

Plugging the production function into Eq.(1-1-70) yields:

Fua 1) (i)] Y (1-1-78)
P

H,t

-]

t

Integrating the previous expression yields:
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[ idi- f[PP_” Ly

Ht
:fl PH,t(i> . dl'i
o| B, A

which can be rewritten as:

YA
N, =—5~ (1-1-80)
A

t

with Nt:let(i)di and:
0

Ap,t = ﬁl[@

H,t

dh . (1-1-81)

The FONC for firms is given by:

g, P 1~

e i 1 Z<60> Ef (Pl'+kCt+k) Yl‘JrkPH,tJrkMCtJrk
By =t , (1-1-82)

> (90)'E, 1

(PaiCivi) Vi
0

. B
with Yt+k5[ it ] Y., and:
PH,f+k
M, =—% (1-1-83)

(1 - T ) PH,tAt
1.1.11 Optimal Wage setting
Consider a household resetting its wage in period t to maximize:

U, =E, [Z ﬁfUHHk] . (1-1-84)
k=0

1 1 Nt .
InCt+k_m ONt+k|t(j> de

The maximization of Eq.(1-1-84) is the subject to the sequence of labor demand

Uyrok =

Z,.(1-1-85)

schedules and a sequences of budget constraints of the form:
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—ew

Nt+k|t (-/) = [VVt <j) Nt+k ’ (1'1'86)

A

t+k

* n* 1 ~ . . . n n n*
Rt—1Btn—1 +Rt—1BF,t—lEt +j; VVt <j)Nt+k|t <j)d/ +PRH,t 2 PtCt +BH,t +BF,tEt - (1-1-87)

We now make explicit that the households can pool labor income risk through
government debt. Each household j reoptimizing the wage at a given time t will choose
the same optimal wage. Because of this, we can abstract from index j on Eqgs. (1-1-85),
(1-1-86) and (1-1-87). Then these are given by:

- 1 ,
u, . =|InC.,, ——N1|D, ., (1-1-88
H,t+k t+k 1+¢ t+klt] H,t )
w, |
N .. = ! N, ., (1-1-89)
t-+kit VVt+k t+k
Dtn +VT/I’Nt+k|t +PR: >R, +E, (Qt,t+1Dtn+1) - (1-1-90)

Because of Egs.(1-1-88) and (1-1-90), the Lagrangean is given by:

7

in(ﬂ@w)k E,

1 , ~
Inct+k - —Ntljlgft + /\t+k|t (M/tNt+k|r - Pt+kct+k )
k=0 1+¢

which can be rewritten as:

tlt

1 .
L E[h‘lct —lew]Zt +>‘r|r (VVtNH,tlt _Ptct>

_|_ﬁgWEt +...

1 , -
[Inct+1 - mNtljﬂot ]Zt+1 + )\t+1|t (VVtNH,tJrllt - Pt+1Ct+1)

The FONC is given by:

N2z 8Nf'f+>\, N, +W 0N
tit<t 6\/\7 13 t|t H,t 6V|~/t

t

, ON, _ ON.
+/89WE1.‘ _NtilltZtJrl aV{/HIt + )‘r+1lt [Nt+1|t + M/t av};llt ] +---=0

H,t t

The compact form of the previous expression is given by:

S(56, )

k=0

, ON _ ON,
_Nt:kltzwk a&aklt + )‘t+klt [Nt+k|t + VVt a—tW-Mlt] =0. (1'1'91)

t

t
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ou
Notice that —Nf,,, = 8Nt+k :

t+k|t

Partial derivative of Eq.(1-1-89) is given by:

~ —gy—1
8Nt+k|f —_¢ Vvt 1 N
- w
oW,

w, | w1
:—€W[Wt ] Nt+k ~t+kW—,(1'1-92)

H,t t+k

W,
where Eq.(1-1-89) is used to eliminate [ :

Ew

N,., inthe second line.

t+k

Plugging Eq.(1-1-92) into Eq.(1-1-91) yields:

1 1
Z(ﬁew )k E, f+k|f thk WH,t _ Z(ﬁew )k t+k|t t+k WH t
e +>\t+k|t [ ke T Ew )Nt+k|t] = +>\t+k|t (1 & )Nt+k|r
=0

Multiplying —1 on both sides of the previous expression yields:

=0

NgE

(ﬁ(gw) —& Ntljkftzwk ~ +)‘t+klt< 1>N

k|t
H,t

=~
Il

0

1 . . .
Plugging A, ,, =———— into the previous expression yields:
t+kt+k

1 1 N,
—& Ntljkft +_t—+klt<€w_1)

NgE

(90,)'E,

=
Il
o

Multiplying both sides on the previous expression by L— vields:
€W

o v N
Z(ﬁﬁw)kEt[— Cw Nﬁjjﬁﬂ—“k“]:o.(1—1—93)

k=0 Ew -1 Pt+k t+k

The LHS of Eq.(1-1-93) can be rewritten as:
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+ t t+k|t
k|
k=0 w o ’Dt+k Ct+k
g . W N, g LW, Ny
= “ 1 t:Ttﬂj + L= ﬁ = Ntljllt +P - Ct+lt
Ew — t t w t+1  “t+1
5 W,
+<ﬂ0W )2 Et [_ = tljzﬁ +— = +-
Ew — Pt+z Ct+z
£ N,, W N, w N,
— w Ntft ) Ctlt _{_?t g,tlt +59WEt W Nti—llt - Ct+1|t + . t Ct+1|t
Ew — t t t w t+1 t+1  “t41
N, W, N,
+<ﬂ0W )2 Er [_ Ntlrzﬁcwrz = +— =
Ew — Ct+2 Pr+z Ct+2
£ w. N, w, N,
= “ tict & +— = +ﬂ9WEt[ —Sw_ Nti—llt t+1 = + =
Ew -1 Ct Pt Ct Ew — Cr+1 Pr+1 Cr+1
N, w, N,
+<ﬂ0W )2 Er [_ Ntlrzﬁcwrz = + =
Ew — Ct+2 Pr+z Ct+2
N, w. N N, W N,
= TMRS, T ﬁ@WEt[— TMRS _—
EW - Ct Pt Ct w Ct+1 Pt+1 Ct+1
N, w, N,
+<ﬂew )2 E, [_ MRSt+2|t ey Y
Ew — Ct+z Pt+2 Ct+2
Note that:
MRSt+k|t 8Ut+k|t/a t+k|t — t+k|t (1 1 93)
t+k/8ct+k t+k

Further, the last equality can be rewritten as

MRS Nue [MRS —Nf“'f]
" g + 36,
8W

N
tlt t+1)t
—+00,E | ———
H,t+1]t
t t+1 ~ PtCt " t[Pt+1Ct+1]
1 N — N, '
5’ p—
! +(ﬁew) MRSt+2It HZIt]"' +(50W) p tEZIt
t+2 t42-t+2
which can be a compact form as follows:

€ Vil;(ﬁew) (MR';HkIfNHk'tCHk) tz
w —

k=0

-1
t+k|t (Pt+kct+k) ] . (1-1-94)
Eq.(1-1-94) can be rewritten as:
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5w/ Z (MR5t+k|rNt+k|tCt+k)
W, = = :

fj (86,)"

O

P.C

t+k|t( t-+k t+k) }

(1-1-95)
Given the assumed wage structure, the evolution of the aggregate wage index is given
by:

1

=[O W + (10, )W e . (1-1-97)

4 Nonstochastic Steady State

We focus on equilibria where the state variables follow paths that are close to a
deterministic stationary equilibrium, in which II,,=II,=1 , S=1 and

«\—1
B=R"'= (R ) . Because this steady state is nonstochastic, the productivity has unit

values;i.e., A=1.

2.2 Steady State Relative Price and Market Clearing

In the steady state, we assume P, =P, andthen S=1 isapplied. Because of S=1.
Plugging Eq.(4-6-3) into Eq.(4-14-17) yields:

P=PFP,

which implies that the PPP is applicable in the steady state. Plugging the previous
expression into the definition of the CPI disparity yields:

Q=1. (2-7)
Plugging Eq.(2-7) into the international risk sharing condition € =QC"¥, we have:
=C (2-8),

where we impose ¥ =1.

2.3 Steady State Fiscal Surplus and Government Debt
The definition of the fiscal surplus implies:

SP=71Y—G.(2-11).

Eq.(1-1-45) implies as:

B,=R, B, [II,'—SP

[

Then, in the steady state:
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SP=(R—1)B

— 2-24).
:[1 ﬂ] 5(224)
B

2.4 Steady State Wedge between Marginal Utility of Consumption and

Labor
The FONC for households to choose optimal wage Eq.(1-1-93) implies that:

_5—WN1+,9+__+59 Ew N1+,9+WN
e, —1 P C e, —1 P C
wN '
+(80, )| ——W N = =0
5W—1 PC

which can be rewritten as:

1400, (80, -] o =14 36, (66, )+ | 2.

ew—1
Then, we have:
w

T __Sw . (2-27)
P e,-1

Eq. (1-1-83)implies as follows:
L W 227y
1-7P

Combining Egs.(2-27) and (2-27)’ yields:

MC =

MC(1—7)=—X_N°C. (2-27)"
ey —1
The FONC for the firms Eq.(1-1-82) implies that:

€
1=—2_MC,
ep—l

which can be rewritten as:

£
MC=-L

(2-28)

p

t

W,
The definition of the marginal cost MC, = "

H,t" 't

implies that:

MC:%. (2-31)

Because of Eqs(2-30), (2-32) and (2-32)’, Eq.(2-27)” can be rewritten as:
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8—4%1—7)

ch:( g

. (2-33)

ew—1 )

Note that U.=C* and —U, =N¥. Plugging these conditions into Eq.(2-33) yields:
c N

) 1—71

= (2:34)
c
€
With MP=—2_ and M" =_Sw
g, —1 ey —1

U
Plugging —U—NE 1—® into the previous expression, we have:
C
1—7 1-7
“ e O = e 123

which shows the steady state wedge between marginal utility of consumption and its

1-o

labor.

5 Log-linearization of the Model

3.1 FTPL Model

3.1.1 Relationship between Real Exchange Rate and Terms of Trade
Note that:

=p;, —(1—v)p,, —ap,, . (3-1-4)
= (1 - U)<pF,t Py )
=(1-v)s,
3.1.2 Market Clearing Condition
By Using X, . =P,,/P., Eq.(1-1-76) can be rewritten as:

Vo =(1-v)X,iC + 52, +G,,

t

Where we use Eq.(1-1-20).
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Total derivative of the previous expression is given by:
dY, =(1—v)(—n)CdX, , +(1—v)dC, +unCdS, +vdz, , +dG,.

Dividing both sides by Y yields:
av _
Y

which can be rewritten as:

C C dc C cz dZ, GdG
—n(l—v)=dX,, +(1—v)=—t+vn=dS, + v—2—L+——t,
y " Y C 14 yc z; v G

y, = —17(1 — U) X, +1uo.s, + (1 — U)O'CCt + UO’CZIJ +o0,9, (3-1-6)
with 0. =C/Y and o,=G/Y =1—0,. Note that:
XH,t = pH,t — P,

=Py — (1 - U)pH,t —UPg,;

=—v (pF,t P )
=—vs

(3-1-7)

t
Plugging the last line in Eq.(3-1-7) into Eq(3-1-6) yields:

y, =—n(1=v)o.(—vs,) +1muo.s, +(1—v)o.c, +vo.z,, +049

t ( ) c( r) c3t ( ) ) cht oLt GIt (3-1-8) [(43) in the
= 7](7(_.1)(2 — U)St +(1 — U)(ICCt +vo.z,, +0.09,

text]

3.1.3 International Risk Sharing Condition

Total derivative of Eq.(1-1-21) is given by:

1 =2
dC, =dQ, +—-aZ, ~2(z;) "dz,,
2

Z Zdz, Zdz,
==dQ +——t—-——

z, Z, z 7 7
Dividing both sides by Cyields:

9 _Z[Z 4, 202, 232,
c z\z Z, Z 7, Z,
dz, dz, '
:d —|— t_ i't
A zZ Z

which can be rewritten as:
¢.=q,+2,—12, (3-1-10)

Plugging the last line of Eq.(3-1-4) into Eq.(3-1-10) yields:
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¢, =(1—v)s,+2z -2z, (3-1-11)

Plugging Eq.(3-1-11) into Eq.(3-1-8)’ yields:

v, =nu(2—wv)s, -l—(l—v)[(l—v)st +2, —z;t]-i-vz;t
=[m@=v)+@-0) s +(1-v)z vz, —(1-v)z;,
=(2nv—nv® +1-20+0)s, +(1-v)z, +vz,, —(1-v) 2z, (3112)
:[Zv(n—l)—vz(n—l)—i—l]st +(1-v)z, +vz;, —(1-v)z,,
=|(n=1)(20—v*)+1|s, +(1-v)z, + vz, —(1-v)Z,
=[(n—Dv2-v)+1]s, +(1-v)z +vz;, —(1-v)z,

3.1.4 Iterated Government Budget Constraint with Euler Equation

Iterated Government Budget Constraint with Euler Equation Eq.(1-1-67) can be
rewritten as:

SP, =8, ,II," - BE,(C,\C.2,,,2, '8, }, ) - (1-1-67)

t+17t Tt 41
Total derivative of the previous expression is given by:

dSP,, = dB, , —BdIl

t

—B|CB(—1)Cc*dC,,, +C*BdC, +dB, +B(—1)dIl, ., +B(—1)dz, +BdzZ
t+1

t+1 t+1

—dB,_, —BdII, + g9 ﬁB

— 3dB, + 3BdI, ., + #BdZ,

t+1

—3BdZ

t+1

Dividing both sides on the previous expression by SP; yields:

dsP, 1 |dB,_, —BdII, 4+ 8%

_ t t+1

sp (1-p3)B _6Bdz

t+1

— 1 dBtfl _ 1 dH + 6 dCt+1 _ 6 dCt
1-4 B 1-8 ' 1-5 ¢ 1-p¢C
_iﬂ"i_ 6 dHt+1+ ﬁ dZt_ 6 dzt+1
1-5 B —p 1-0 1-p5

where we use Eq.(2-24).

The previous expression can be rewritten as:
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1 1 B p B p B
Sp; :?bt—l_l_ 7Tt+1_BEt(Ct+1)—1_ﬁCt—1_ bt +1_ﬁEt(7rt+1)+1_ﬁzt
p
—mEt (2:)
1 1 8 3 8 3 B(1-p,)
:1_6 tfl_l_ Ty +1_6Et(ct+1>_1 59_1_ bt +1_5Et<ﬂt+l>+ 1_5 Z,
Rearranging the previous expression yields:
1 1 1— .
¢ =E, (Coy ) +E (msa ) — b, — 5" +ng —Tﬁspt +(1-p,)z,, (3-1-16) [(44) in the

text]

with §=3'—1=r being time discount rate where we use the fact that

E, <Zt+1) =P, -

3.1.5 Price Index and the Definition of the TOT
The definition of the TOT is given by S, =F., /P, , , which can be log-linearized as:
St = Pr = Puy

=€, +p;, — Py, . (3-1-17)

=€ — pH,t
Log-linearizing Eq.(1-1-78) yields:
P = (1 - U)pH,t + VP,

=Py + V(e — Py ) - (3-1-17)

= Py, TUS,

Combining the previous expression and its lagged expression yields:

T, = (1 — U) e TUT:,,

Where:
Tt =Prt = Prjp1- (3'1'17)”

because of inflation targeting in the ROW, p:,t =0 forallt.

Combining the previous expression and its lagged expression yields:
we (3-1-18)
Plugging Eq(3-1-18) into eq.(3-1-17) yields:

St TS =Ty — T
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= (1 - U)WH,t + U<7TH,t +S — St—l)

=Ty, +uvs, —vs,_;

P
The definition of the CPI II, =—— can be log-linearized as:
t—-1

T, =p, — P, ,-(3-1-19)
3.1.6 Flow Government Budget Constraint and the Definition of the Fiscal Surplus
Eq.(1-1-45) can be rewritten as:

SP. =R, B, II.' —B,, (1-1-45)

Total derivative of the previous expression is given by:
dSP. = —dB, + BdR, , +RdB, , —RBdII,

1—
Dividing both sides on the previous expression by SP:[Tﬁ]B yields:

dsP, B dg, 1 dR, 1 dB., 1

Ht
SP 1-3B 1-8 R 1-8 B 1-7

_ B dg 1 ln[1+r;1] 1 d8, 1 o
1-3 B8 1-6 \14r ) 1- B 1-8 '
which can be rewritten as:
1 1 1 1
Spy = — b bt+ hy+ btfl_ T — 6.
1-86° 1-p 1-p5 1-5 1-5

Further:

1 1 1 1-0 1 .
b, :ErH —{—37@ —l—EbH —TSpt —56. (3-1-21) [(46) in the text]

Total derivative of Eq(1-1-46) is given by:
dSP, = SPdX, +Ydrt, + tdY, —dG, —d(,

Dividing both sides on the previous expression by SP, yields:

dsp 3 1
SPt :mg(spdxt +Yd7’t +’7'dYt —th —dCt)
x4 B Yy, B Y N 3 YGdS,  § vdS
— 38 1-6B Y 1-BBY G 1-BBY
-1 -1 -1
S e LN
1-8ly 1-8ly) v 1-8ly) v 6
_L[E]ld_ét
1-8ly) v

92



dr,

Note that T, :[ +1]7‘ which can be rewritten as d7, =7, — 7. Thus, the previous

T

expression can be rewritten as:

B BT Pog B2 B
= Ht+ t+ t 9: — t ’
R P e O ] e W) o
with étzdft , Where we use Eq.(2-23). Plugging Eq(1-1-50) into the previous
expression yields:
B pr Bo B2
Sp, = —vs, + T+ Ve — . 9. — G
1-— 1— 1— 1—
N e
__ 8
(17[3)08
the text]
3.1.7 NKPC

The NKPC is given by:
Mo = BB, (T 00 )+ EmC, , (3-1-23)

(1_010)(1_5910)'
0

p

with K, =

Total derivative of Eq.(1-1-83) yields:

w - 1 w, 1 (W
dMC, :[—](—1)(1—7) *(—1)dr, +——d| = [—](—1)dAt
P 1—7 (F,;) 1-—7\P
:1[ﬂ]7d7t+1dwt_1[ﬂ]d/qt
1-7{(P)l-7 7 1—7 (R,;)] 1—7\P
Dividing both sides of the previous expression by MC = 5 yields:
-7
dw,,/P
aMe,_ 1, (W, / H,f)_dAHt'
MC 1-7 (w/P) '

As mentioned, d7, =7, —7 . Thus, we have:

mc, = 7,(3-1-24)

Tt+Wtr_at_
1—7 1—7
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d(W,. /Py

with wy,, = being the (log) real wage.

(w/P)
Eq.(1-1-80) can be rewritten as:
— YtAp,t
A

Total differential of the previous expression yields:

dN, =dY, +(—1)dA +YdA ,
=dY, —dA +dA_,

7

where InA, is o<||§||2) and is omitted.

n =y, —a,.(3-1-26)

t

where InA, is o<||§||2) and is omitted.

3.1.8 Wage Inflation Dynamics
Total derivative of Eq.(1-1-95) is given by:

[(—1)C"2NMRSdC, +C*MRSAN, +C*Nd MRS,
S — ) +00,[(—1)C °NMRSAC, ,, +C *"MRSAN, . +C ‘NdMRS, .
t +(80,, )’ [(—1)C °NMRSdC, ., +C'MRSAN, ., +C ‘Nd MRS,
T
x{C’lNP’l [1+59W +(66, ) +---]}_1
Jr(—l){c*llwf1 [1 + 60, +(36, ) +-- }}2
[(—1)C°NP*dC, +C*P'dN, +(—1)C NP *dP,
. +080,[(—1)C*NPdC,,, +C PN,y +(—1)C NP AR, | }
+(80, )’ [(=1)C°NPYdC, ., + C'P'dN, ,y +(—1)C NP AP, |
.

XxM"CNMRS|1+ 30, +(56,, "+

Then:
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dc

dN.

dMRS,

t
C

dW, = M MRSC™'N

N
dcC

t+1

MRS
dN,

1)t

dMRS

t+1]t

+ﬂ‘9w [_

dC

C

t42

N
dN,

t+2t

MRS
dMRS,

|

t+2|t

90, -

—MYMRSCN 'P’C 'NP !

C

_dc,
c

+ﬂ0W [_

0.7

N

N
dCt+1

MRS

LN, e
p

dN,

1)t

|+

dP,

t+1

C
_ dCt+2

N
dN

2t

2
dp,

t4+2

C

dMRS,

dc, ., dN,
c N
dC

t+1

= M"PMRS

MRS
dN,

t4+1]t

dMRS,

N

1)t

e

_dc,

N
dN,

+2 t
+

MRS
dMRS
_|_

+2t

|

t42t

(50,

dc
C

N

dc
—M"PMRS =

. dN.

N

ar
P
dN,

1)t

dP,

t+1

MRS

c
dc

+ﬂ0W [_

t42

N
dN,

t

p
dp,

s

t+2

|

(50,

C

N

Note that W =PM"YMRS . Thus:

p

95

J+-

p

J+-




_dc, N dN, dMRS,
cC N MRS
~ -1
dVVt _ +69 _dCt+1 dNt+1It dMRStHIf 1
w v N MRS 1-46,
dcC dN dMRS,
0. 21 Yt t42t t+2t +
(86,) [ C N MRS
_dc, N dN, dp,
c N P
dc... dN.. dP 1)
- 0 | — t+1 I t+1 ,
o W[ c N P 1- 56,
(00, [ Loz _Ba),
d//\\ﬂ//RRS;t 'y dA/IIwR;StHu (40, ) d/vll;i:z.t
=(1-—/.6,
( g W) dc, dCt+1 2 dCt+2
+--+ c +ﬁ@wT+(ﬁ(9W) T+~-

which can be rewritten as:

o0

W, = (1— ﬁew)Z(ﬁew )k E, (mrsHklt + pt+k) . (3-1-27)

k=0
Total derivative of Eq.(1-1-93)" is given by:
dMRS, . = CgpN*”ldNHklt +N*dC,,,

dC,,

dN,
= CNﬂp—/\t;k't +CN”

Note that MRS =CN¥ . Dividing both sides of the previous expression by MRS,
yields:

dMR5t+k|t _ dNt+k|t +dCt+k
MRS N c ’

which can be rewritten as:

mrs, e = P i +Ck- (3-1-28)

¥
NH,tJrk

Let define MRS, .., =

t+k
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dMRS, ., = CoN? YdN, ., +N*dC

t+k t+k

— CNQ(’O dNt+k + CN~,9 dCf+k ’
N C

t+k

Dividing both sides of the previous expression yields:
dMRS, ., dN dc
=@

t+k t+k
+

MRS N C

7

because of MRS, =CN”.

That expression can be rewritten as:
mrs, ., =en,. ., +¢,..(3-1-29)
Subtracting Eq.(3-1-29) from Eq.(3-1-28) yields:

mrst+k|t - mrst+k + Sp(nt+k|t - nt+k ) . (3'1‘30)
Total derivative of Eq.(1-1-89) is given by:

AN, o = —E,W WY NAW, + £, W™ W *NdW, , +dN

t+kjt T
aw, aw,
=—g,N—t+¢,N—=E+dN
w w

t+k

t+k

Dividing both sides of previous expressionby N =N vyields:

dNt+kIt:_€ dVVt te dVVr+k_|_dNt+k
N Ywo " w N

Which can be rewritten as:

Meie = —Ew (W, =W )+ N,y (3-1-31)
Plugging Eq.(3-1-31) into Eq.(3-1-30) yields:
MIS, e = MIS,,, —5Wg0(vT/t — WH,() .(3-1-32)

Plugging Eq.(3-1-32) into Eq.(3-1-27) yields:
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w,,=(1-00, )ki;(ﬁﬁw )k E, [mrsHk — 5W<p(v7/t —W,,, ) + ka]

_(1-p0,) [mrs, — 52w90<Wr —w,)+p, + 00, [mrst+1 —e, (W, —w,_, )+ pm]
+(08,) [mrst+2 —e,0(W, — wt+2)+pt+2] 4

mrs, +&,ow, +p, + 06, (mrs,., +€,0W,, +p,.,)
=(1-6,)1+(60, ) (mrs,,, +e,9W,,;, + P,y )+

LW, — 000, , — (86, )' €0,

mrs, +&,w, + p, + 36, (mrs,., +,0W,., +p,.,)
=(1-36,)1+(60, ) (mrs,,, +e,9W,,;, + P,y )+

—e, oW, [1+ 30, + (89, +++

mrst + gWSOWt + pt + /BHW (mrst+l + 6\WSOWhLl + pt+l)
2
= (1 - 59w> +(59W> (mrst+z TESPW,, TP, ) -
—& W !
WSO t 1—ﬂ9W
mrs, +e,ow, +p, + 00, (mrs,,, +€,0W, ., +p,.,)

+(5‘9w )2 <mrst+z + EyPW, o + P, ) +e

=(1-79,)

- (‘:WSOWI'

which can be rewritten as:
mrs, +¢,oW, +p, + 00, (mrs,., +&,6oW,.. +p,.)

(1+¢e,0)W, =(1—06,)
+<69w )2 (mr5t+z + EyPW, o + P:yr ) T+

This expression can be the compact form as follows:

- 1-060, & k

W, :—ﬁ Z(ﬁ&w) E, (mrsHk +E,9W, +pt+k) . (3-1-33)
1+€w(p k=0

Let define

i =w, —mrs, (3-1-34)

which is the (log) average wage markup in the SOE.

denotes the (log) real wage.
Plugging the definition of the (log) average wage markup into Eq.(3-1-33) yields:
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1-060, & K W
—_— 60 ) E.|(1 - . (3-1-35
1+€Wg0kz;(5 w) t[( +5w30>wt+k ,Ut+k] ( )

W, =

Eq.(3-1-35) can be rewritten as:

100, [(Hé‘w@)wtutw +59W[(1+€W90)Wt+1u511]’
w, =

t 1+¢e,0 t +(ﬁ@w)2[(1+€w90)wt+z_Mmz]—’_”.
50w [(1+8w90)wt+1 _M:‘rl] * (3_1-36)
1-56 1— 36, ,
:1+fwm9;[<1+€wg0>Wt_ul/v]+1—|—fwgoEt +(59w)2[(1+5w90>wt+2_Mm]
+..

Forwarding Eq.(3-1-36) one period yield:
m, |<1+ewso>wm 0, (L e o u:u]
1+e,0  |+(86,) [(1+ £ )W,,s — M&] e
Multiplying (36, both sides of the previous expression yields:
0, [(1+ 2,0 )W — 1 |+ (86, ) [(1+,0) W, — u!iz]]
+(86,) [(1+2,0)W, s — 7]+

Et (Wt+l>

50,E, (, ) =~ Et[

It+e.p

Plugging the previous expression into Eq.(3-1-36) yields:
1-.06,
1+,

W, =

(1+e,0)w, — |+ B0,E, (W,,, ). (3-1-37)

Total derivative of Eq.(1-1-97) is given by:

1—15 (W )i‘l (1-e,)0,W ~dW, , +(1—¢,)(1—6, )W “dW,]

w

dwW, =

t

1-(1-¢,)

=W ) s woe[0,aw,, + (16, )dw ]

= (W) w0, aw, + (106, )d]
=0,dW, , +(1-06, )dw,
By dividing both sides of the previous expression W, , we have:
w, W, dw,
d tzewd t—1 _|_(1_0W) t'
w w w
which can be rewritten as:

w, =0,w,_, +(1-0,)W,. (3-1-38)

w t—1

Eq.(3-1-38) can be rewritten as:
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1 0

w

Wt:l—éw Wt_l—QW W, .

Plugging the previous expression into Eq. (3-1-37) yields:

1 0 1- 69 .
w, — W w, g 1_|_5W w. —
g W T e 1+€W¢[( o)w, — 11"
1 0, '
+00,E, qwtﬂ—qwt

Which can be rewritten as:

(1-66,)1-6,) .

Wt_HWWt—lz(l_ﬁ9w><1_0w)Wt_ 1teq t

+ﬁ0wEt (Wt+1 - ‘9th)

(1-60,)(1-6,) .

=(1-76, -0,(1—-050 -
(180w, 6, (18, Jw, el

+0,E, (Wt+1> B 60;/Wf

(1-60,)1-6.) .
1+e,0 ‘

=(1-00, )w, —0,w, + 802w, —

+ﬁ0wEt (Wt+1)_ﬁ€viwt
1-60,)(1-6,)
t _wat - ( >< ):ut
1t+e,p

+030,E, (Wm) — B0, w,
Subtracting w,, from both sides of the previous expression yields:
(1-59,)2-6,)

—QWWI,71 = _ewwt - 1+€ SO :u:V +/60wEt <Wt+1 - Wt)'

=w

which can be rewritten as:

(1-50,)1-6,) .
1+e,0 .

ew (Wt - Wtfl) = /BHWEt <Wt+1 —w, ) -

By dividing both sides by 6,,, we have:

= OE ()~ (3-1-39)

(1-00,)(1-06,)

where:
0, (1+e,0)

with &

w

100



T, =w, —w, ,, (3-1-40)

denotes the wage inflation.
There is a relationship between the changes in the real wage and the gap between the
wage inflation and the domestic inflation as follows:

r r _
W, =W, , =W, — pH,t - (Wt—l - pH,t—l)
=W, —w,, — (pH,t - p/—l,t—l) .

= 77-;/\/ - 7r/-l,t
3.1.9 UIP

The log-linearized UIP R, =E, (EtH/Er)R: is given by

=1, +E(e.,)—e,.(3-1-43).

o

Plugging Eq.(3-1-43) into Eq.(3-1-42) yields:
3.1.10 Fiscal Policy Rules
Fiscal feed back rule in Mahdavi (2004) can be rewritten as:

’

S _ 4B B
sP " B1-8

1—
where we use SP = [Tﬁ]B being Eq.(2-24). The previous expression can be rewritten

as:
ﬁ_lz_ﬁ% L_l
SP 1-3 B
Then:
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|

Btfl -1
B

B
=q, f_l_i_|_1_1]
B &

B b,

Bt—l_ _ i_
_¢b? 1] ¢b[¢b 1]

JAN
SP]_¢b

:qﬁbln[BtBl]-l—(qﬁb—l)

which can be rewritten as:
P, = Pyby 1 + (B, —1). (3-1-44) [(47) in the text]

Plugging Eq.(3-1-22) into (3-1-44) yields:
(1=5)out, , +%

7ﬁt = 3 Ht—1

text]
We introduce tax shock 1, as follows:

(1 T /8) 03¢b b
- H,t—1
3

T, 3
45) [(49) in the text]

(1_/3>UB <¢b _1)

: S —TY: +0—th +Ct +

. [(48) in the

(1*/j>as(¢b*1>+wt . (3-1-

v(l—p0)o A
&StiTyt%»ath%»Ct%F

4 Welfare Cost Function and Welfare Relevant Output Gap

4.1 Deriving the Second-order Approximated Utility Function with Linear

Terms
The period utility function is given by Eq.(1-1-85), namely:

1 1 Ao .
ke (j)lw dj. (1-1-85)

U, =InC,, ———
t+k 1+ o

tk
In equilibrium,
N ())=N.(J)

(W) - N,

W, t
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Is applied. Plugging this expression into Eq.(1-1-85) yields:

A\ —ew(1+9)
0,.. =InC LNWI:[M] dj.

trk — t+k t+k
1 w,

+¢ t+k

. _Ew(1+¢)
. 1l W.
Let define (A:”)lw Ef [M] dj . Plugging this definition into the previous
0

H,t

expression, we have:

1

- L\t
UH,t+k = Inct+k _mNtlilf (At+k) . (4-1-1)

Second-order expansion (percentage deviation from steady state in terms of marginal
utility of consumption) of Eq.(4-1) is given by:

u. —U 1, 10, UN[ 12]+1%N_2n2

t+k Y 2 N
~ =G +_Ct+k +o—= Cct+k +=— Nk +5nt+k 20 C t+k
c

0. 2 2 0, 0, c

u,1, .,
-ﬁfEmAw+ﬁmﬂj

c

Note that InA/, is o(||$||2).

Plugging U.=C*, U,=-C"?, U,=—N*, U, =—¢N*" and U,=-N""into

the previous expression yields:

U —U 1, 1(-C? U 1 1(—N"") N2
LTZC”LECHE%CHU_:E[HW +Ent2+k]+2( 0. ) c o
N1+~’,9 1 w 3
———2Z,,.. +ol|l§
e olleP)
1 1C? U, N 1 1(—N") 1 N?
_Ct+ECf—EFCf U_I:E[nt+k+2 t2+k)+ 5( 0. >N? "
]
otz (el
C
u, N U, N1 10, N U, N
:Ct+ ~I: Ent+k+0_ilc5 t2+k SOEU_ZEntZJrk+U_IZEInAtMik+O(”§”3>
u, N U, N1 u, N
=C+ ~I;I Ent+k +0_leE(1+ )Nt +U_:E|nAmk +0(”§”3)

Plugging —U—NE 1—® into the previous expression yields:
c
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—U N N1+
6~ (1= @) — (18T — (1= B) A, + o)
C
N N1+
— 6+, —n, —(1- @) Tl —(1- @) =AY, +of|¢f ).

N N 1-®)(14¢
=¢ +(I)Ent+k_E Ny +()2# N, +(1 (I))lnAW

t+k

(Y

Plugging n,_., =¥y, — 0 +INAL, into the last line in the previous expression

yields:

U,—U P
0 c =Cr +O__C(yt+k +InAf+k>

1 (yt+k +InAf+k>

—— (1-9)1 +of|l¢” ,(4-5-3)
[ e, )
(1_CI))(1+90> 2
1-d 1A Py
=Ciix _O_—yt+k O'_ 2 +k + O(HSHS)
< Tl aepnar, +a-ejiar,

where we use N/C:(C/Y)’lzggl and InA?, = fl[Pkg (’)] dh!.
0

H,t

4.2 Second-order Approximation of Price and Wage Dispersions
Relative price of good h can be approximated as follows:

P

H,t

— 14 (16, )by, () 515, ) B 1) o€ ), (4512

with p,.(/)=InB,,(i)—InA,,.

The price index P, Ht_[f d/} ~ implies:

e

Hence, we have:
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1-¢,
1 1 a Al-e, .

1-
f
0

=1

p

di ,

P, (i)
PH t

which implies that:

P iR ()]
E"[p ] _fo[p ] 9 (45-13)

H,t H,t

=1
Eq.(4-5-12) can be rewritten as:

1

(1= e 1) = =51 =2, ) Bus (1) - +o(l¢

')
Taking conditional expectation, The previous expression can be rewritten as:

P, (i)
P

H,t

P

H,t

L{&gﬁl

1-¢
.. 1-
Ei[pH,t (’)]: - 25p E

~ 1
P ¢ (’)2}—:

p
e i)'+ o1
where we use Eq.(4-5-13) to derive the second line.

P (i)

] yields:

1-E

1

+of[¢f’)
, (4-5-14)
1—¢
—— E,
2

Second-order approximation to [
H,t

[PH,t <i>]€ = eXp[_gpﬁH,t <I>]

2
Ao E A .
=1,B (1) + B, (1) +o( €]
Taking conditional expectation on the previous expression yields:

P, (i)]_gp e’

E, =1—¢,E [y, (/)] +?"Ei

1

Bue (i)' |0l ) (4-5-15)

H,t

Plugging Eq.(4-5-14) into (4-5-15) yields:
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E,-[PF;,:EI)] —1-e, {‘1_765 B <iﬂ}+%f Bus (17| + (")
=1+ 6p[<1_zp>+€p] E; ﬁH,t (’)2]—’_0("5”3) . (4-14-16)
=146 [, ()] +of ¢l

=1+ %Var,- [ﬁH,t (I)] + 0<||§||3 )

—&

di. By using these

Notice that E. H”—(I) _ :fl _PH'f <')
, 0 PH,t

H,t

di and Af:fol[PHF,:<’>

H,t

facts, Eq.(4-14-16) can be rewritten as:

mAf:m{lﬁ—War,[m,t <f>]}+o(||£||3)
2 . (4-2-6)

~ a3, ()] + o €]

Further, as shown in Woodford (2003), zx ¢ can be rewritten as:
Zm: BE, (InA?)= g—pi BE (77, ), (4-6-2)

k=0 2K, o

as long as Eq.(4-5-10) is applicable.

Relative wage j can be approximated as follows:

m(j> T NP | 2.0 /a2
D) a0 i ()4 3000 0+ ol

t

’), (4-6-3)
with W, (j)=InW, (j)—InW,.

1

. 1 A1—¢ l—ew . .
The wage index W, E{f w,(j) ™ dj] implies:
0

1
1 1 A 1—ey q
1—Wt|j; A0) df] :

Hence, we have:
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1-¢y
. 1 SR
r VW=[W] Jowy e
t
j

[

1

which implies that:

-

t

1-¢gy
] 4 (4-14-17)
_1

Eq.(4-6-3) can be rewritten as:

1-gy
" 1 . W, (J
(-0, =~ 3o P (7 - %] v,
Taking conditional expectation, The previous expression can be rewritten as:
1 1 W (j) 1—ey
Y — & a2 . t 3
£ ()] = 2 WE’[me] 1—¢, ' Ej[ W, +O(”£” ) (4-2-10)
1—¢ A
=—2=5g [, 7] +ofJe)
where we use Eq.(4-14-17) to derive the second line.
Second-order approximation to [th(j)] yields:
t
A\ Ew (1)
W, N
[ ‘;‘El)] :exp[—gw(l—i—(p)wt(j)]
t
ety L,
— e, () () + 2 (7 o)

Taking conditional expectation on the previous expression yields:

N\ —ew (1+9) 2 2
| a0+ 2O e a7 o) 21

t

Plugging Eq.(4-2-11) into (4-2-10) yields:
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. 7€W(1+99) . 75W(1+99)
w,
Notice that EJ.[Wt(j)] :fol[ fm] dj and

—ew(1+¢)
W,
(A:V )lw Ef [ *"At/m] dj . By using these facts, Eq.(4-2-12) can be rewritten as:
0

t

A\ ew (L+e)
In(AZV)Hw zlnj;1 W] ]

W)

—ew (1+¢)
=InE, ]

t

il ) 5 1L of o

N Ew (1 + 90)2<1 + 5Wg0) var, [Wt (J)] + 0(”‘5”3)

The previous expression can be rewritten as:

in(ar) :Mvarj [, ()] +o(J¢])- 4212

Further, as shown in Woodford (2003), InA[,, can be rewritten as:

iﬁtEt (InAf’+k ) — Miﬁtﬁ (71'22 )2 . (4-2-13)

2’KQW k=0

Iterating Eqg.(4-5-3) yields:
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(1-2)(1+y) .

~ = 1- 1|————n
W:ZﬁtEt ct+k_a_—yt+k_o__ 2 o
; LH1-0)nAz, +(1-B)nAY,
3
+ollel’)
Plugging Egs. (4-6-2) and (4-2-13) yields:
1-® (1-®)(1+¢p) ,
~ Cork — o Ve — 20 H t+k
w=S BtE ¢ ¢ +o(|¢]}), (4-2-14)
kz:; ‘ L 5(1-9), _€W(1+5Wgo)(1—<b)(7rw )z (” ” )
ZHpO'C H,t+k ZHWUC t+k
e (0, -0
ith W, = ‘| —
Wi # ;B . 0.C
Eq.(3-1-8)’ can be rewritten as:
1 n(2—v) U o,
C, = — S, — Z,,— 4-2-15
" (1-v)o, T T T (1-v)o, % )
Plugging Eqgs.(4-2-15) into Eq.(4-2-14) yields:
o ml-v)  (1=0)ity)
W iﬁtE o, t+k 1—v t+k ZO'C Ht+k (”5”3) 42.17)
= +0 , -)-
e _5p(1—<I>) 5 _ew(l—}—ewgp)(l—‘b)(ww )2
H,t+k t+k

2K,0. 2K,0.

which is applicable for the SOE withOUT default risk.
4.3 Second-order Approximation of the AS Equation
Second-order approximated AS equation is given by:

, 27 . n T c T T n 1, , \2
w,, , ———T — Vek ——X —(w )
t+k t+k t+k t+k H,t+k t+k
1-7 1—-7 1-7 1-7 2
o0
— k T 2 T 2 T 2 r r
V= KpZﬁ Et 1T Cok ™ Yok — Xk ~ WerkBeok = CooiWepk [
o 2(1—7’) 2(1—7’) 2(1—7’)
r r
Tk Ok TVerkWeik — YerkOuy e ik + Xe kW ook = Xtk k

+2 S 3+ siotip. o€ )
k=0
3-1)
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with w, =0 (n—1)(1—a)—1.

4.4 Second-order Approximation of the Wage Equation
Eq.(1-1-95) can be rewritten as:

7 Z (69w )k E, (MRSH,HkltNH,tJrkltC;rlk )
k=0

W,
WH,t _ = . (4-4-1)
k -1
i Z<ﬁ9W> Et N/—/,t+k|t (Pt+kcr+k) }WH,t
k=0
Let define:

H, t+klt = t+k

Ky =M"S (86, ) E, (MRS, ocNie Gl )1 (4-8-2)
k=0

o0

Fav=(86,) E,

k=0

NH,t+k|t (Pt+kct+k )71

By plugging Egs.(4-4-2) and (4-4-3) into Eq.(4-6-3) yields:

W, . (4-4-3)

W _ K
= (444
H,t H,t

Multiplying Eq.(4-4-4) by W, , yields:

w

W o WH,tKH,t
H,t FW
H,t

Plugging the previous expression Eq.(1-1-97) yields:

1

w, K2\
W, =|60,W, > +(1—0W)[ ’;’:fw”'t] , Which can be rewritten as:
H,t
w, K
e (o) | s
H,t

1—

= (10, g () (A A

H,t—1

Dividing the previous expression by WHl;"W yields:

1-&y
1)k () e, ]

H,t
- (1 — 0y )(Kfz‘,/t )1*€w (FHM; )7(17%) +40, (Hm )7(17%)

which can be rewritten as:
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w
H,t

w
KH,t

1
1-9,

1-6, (1%, )_“_EW)} :[ ] ' . (4-4-6)

Taking logarithm both sides of Eq.(4-4-6) yields:

6

w

1-0,

(1) = (e, —1)(InFY —InKY,),

1-46,

which can be rewritten as:

—In

(1, ) = (5, —1)(InKY, —InEY) . (4-4-7)

1-0,

Second-order approximation of the LHS of Eq.(4-4-6) is given by:

) ! )

2(1_9W>

w2
T

w
Ty T

— QW

Eq.(4-4-3) can be rewritten as:

+of[¢f)-

-1 -1 2 -1
FHMi =W,, NH,tIt (Ptct) + ﬁeWNH,H—lIt <Pt+1Ct+1) + (ﬁ@w) NH,t+2It <Pt+2Ct+2> + }
- NH,t+k (Ptct) + ﬁew : NH,t+k (Pt+1Ct+1)
WH,t H,t+1
=W, ey
2| W 1
+<69W> : NH,t+k (Pt+2ct+2) T
H,t+2
ct WH,t Poe Wy, 0 C2 WH,t WH,t N WH,t WH,t+1 Paeir |’
t Ht o +ﬁ W-t+1 Y H,t+k
. WH,t P, Ht Ht WH,t+1 WH,H—l PH,t+1 Pt+1
0. 2C71 WH,t WH,t WH,t+1 v WH,t WH,t+1 WH,t+z PH,t+2
+(6 W) t+2 Ht+k
WH,t WH,t+1 WH,t+2 WH,t+1 WH,t+2 PH,H—Z Pt+z
1 ow \Ew p 4 [ ~w \—Ew ew—1 ,
_ (o ' (X;-/Kt> NH,tXH,tWH,t + 59WCt+11 <X2/,t> (Hnl,tH) NH,t+kXH,t+1WH,t+1
o 2 S —Ew ew—1 r
+(69W) Ct+11 (Xl‘fllit) (H:/,t+1H:/,t+2) NH,t+2XH,t+2WH,t+2 +e
_ W, w, w,
with X, =—%—, W, =—" and I, =—"— where we use Eq.(1-1-89). The last
WH,t PH,t WH,t—l

line can be rewritten as compact form as:
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R =3 (80, E |(X2)

k=0

Eq.(4-4-2) can be rewritten as:

-1
Ct+kNH,t+k H t+k Ht+k[HHHt+5]

ew—1

Klzl,/t =Mm" MRSH tItNH tlt -t +ﬁ9 MRS, Ht+1|tNH t+1|t t+1 (50 ) MR;Ht+2|tNH,t+2|tCt:L12 +e
= MY [N+ B0 N+ (80, ) Nyl + ~}
~ ew (14) ~ —ew(14¢) ~ —ew(1+p)
w, w,
MW Ny B8y | = ] Nyita + (6, ) [ N ] AR
H,t H,t+1 H,t+2
~ \—ew(l+e) ~ —ew(1+y)
WH,t 1+go + ﬂg WH,t WH,t Nlﬂo
Y WH,t WH,t WH,t+1 e
- —ew (1+¢)
0 W W WH ! NI+
+(56, ) W, W, W Ny + -
H,t+1 H,t+2
~ —sW(1+p) aw (14¢) aw (1+9) .
e B ) ()
N 2/ fsw<1+p> w(1+0)
+(66,,) (X,Sv,f) (I T )™ NG, +
, Which can be rewritten as:
50 ew(1+¢)
k ~
Kt =m0, ) () e T
k=0
Finally, second-order approximated wage equation is given by:
. e2+y) 1
2L + Cok = Xuork —Whiek +T t2+k _E tz+k
—w = k 1 2 1
= KwZﬁ E, _Exwk _E<Wt+k) Tt CoiMeie T Copsc X enn T Ct+kWt+k - (4-4-8)
k=0
(1 + go) 2
e Xy ek nt+kWH t+k Xt+kWH t+k +T( n/,t+k)

4.5 Second-order Approximation of the Government Solvency Condition
4.5.1 Second-order Approximation of the Iterated Government Solvency Condition
Government solvency condition Eq.(1-1-65) is given by:

L, B,
Ct 1Zt P C Z SP +/6Ct+1 t+1 t+1 + 6 Ct+ZZf+ZSPt+2

t

+--

which can be rewritten as:
C 'Z,B H ' _C ZSP +Bct+1 t+1 t+1 +/6 Ct+zzt+zspt+2 + -

t—t-1
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Let define W, =C,"Z,B, ,II,*. Then, the previous expression can be rewritten as:

W, = CglztS,:,t + ﬁC:thHSPtH + ﬁZC:ZZHZSPHZ T+

. . - . (4-5-1)
=C, "Z,5h + [ﬁct+lzt+lspt+l +0°C2Z25P 1 +]

Forwarding Eq.(4-5-1) one period ahead yields:

W1 =CiiZeySPy + BCZ, SP, + B°C L7, 3SPys + o
Multiplying 6 on both sides of the previous expression yields:

BW, 1 = BCAZ 1 SPy + B°C5Z, 5 SP, + B°C L2, 5SP s + - (4-5-2)

Plugging Eq.(4-5-1) into Eq.(4-6-2) yields:

W, =C,'Z,SP, +W,., . (4-5-3)

+1°

Let define SP™ =C,'Z,SP. . Then the previous expression can be rewritten as:

W, =SP™ +W,. (4-14-14)

First-order approximation of Eq.(4-14-14) yields:

Wy =W+ F (W, ) e (SELE — SPI™) 4 £ (W), (W, — W) +of[¢]")
=W +SP/Ysp¢ + fWw, +ti.p.+ o(||§||2)

which can be rewritten as:
ITMC

W,—w SR,
w o w

Eq.(4-14-14) implies:

W(1-p3)=sp™

In the steady state. Plugging the previous expression into Eq.(4-5-7) yields:

spifs” + By +tip.+o(lef)  (4-5-7)

wo = (1= B)spy™ + By +ti.p.+o(J¢ ], (4-14-15)

w, —w

with w, = . Iterating forward Eq.(4-5-7) ahead yields:

wo=(1—06)spy" + Buw, +t.i.p. +o(||§||2)

o, = (1 B)sp™ + B, + tip.+-of e[
: , (4-5-9)

w; = (1= B)sp™ + fw, + tip.+of[¢[)
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Combining Egs.(4-5-7) and (4-14-15) yields:
T=(1-8)>B'E,(sp™ )+ tip. + o[¢]"), (4-5-10)
t=0

where w=uwj,.
4.5.2 Second-order approximation of the Fiscal Surplus in terms of Marginal Utility
of Consumption

Second-order approximation of SP\" =C,'Z,SP,, is given by:

sp™¢ = —c, + sp, —|—%cf —C,Sp, — €.z, +5p,z, + o(||§||3> . (4-5-11)

Plugging Eq.(4-5-10) into Eq.(4-5-9) yields:

_ - 1 .

w=(1-08)> _BEy|—¢, +sp, +ch —c,5p, —C,2, +5p,2, ] +tip.+ o(||£||2) . (4-5-12)
t=0

4.5.3 Second-order Approximation of the Definition of Fiscal Surplus
The definition of fiscal surplus is given by:

SPae =X (Tu Yy — Gy ) —Cup»  (4-5-13)
with X, =P, /P .
Second-order approximation of Eq.(4-5-13) is given by:
Py =SPy+SPy (X = 1)+ SPy (P — T4 )+ SPyy (Yo =Y )+ 5Py, (G — Gy )
8Py Ay, + Py (KXo =1)(Fre =T )+ SPysy (X —1)(Yie —Y,)

+5Pus (Xue = 1)(Gue =G )+ SPay (Fue =7 )(¥oe = Yo ) +0( ") ,

=SP, + SP[XHI + %xf,lt ] + YT[%,” + %%ﬁm ] —Gg,, —dC,, +YTX,y Ty +FYTXy Vi

G, + Wy T 04[]
which can be rewritten as:

_gH,t —_

SPY Py,

1 Y . 1. T 1 Y G Yy d¢
spH,t = XH,t +EXZ,t +§T[TH,t +575,t] +S_PY[yH,t +Eyz/,t] - —HL

’

Y . Y Y G Y 3
+S_P7-XH,tTH,t +S_PTXH,tyH,t _EVXH,tgH,t +§TyH,tTH,t —l—O(”f” )

SP,,—SP, . ) . . .
T. Plugging SP = (l—ﬁ)B into the previous expression yields:

H

with sp,, =
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Sth:XHt—}_lelt_’_ Y T %Ht_’_l%ﬁt]—}_ Y T[yHt—i_lyflt]_LEgHt
o - UM 2 M) (=) UM 27 (1-8)BY "
__Y A + Y X, T +—Y X, .Y Y EX g
(1—/8)3 YH (1—/8)3 AU Ht (1—6)3 H,t7” H,t (1_6)BY H,tIH,t

+mmmt +oll¢f)

Plugging o, =B/Y and o,=G/Y into the previous expression yields:

sp. = x. 4 T 2y T y Og g — 1 CA‘i‘lXZ
pt H,t (1_5>0_B t (1_6>0'B t (1_5)0_5 t (1_ﬁ>0'5 t 2 H,t
T n2 T 2 T R T
+ + b (4-5-14
+2(1_5>0_B 7-t 2(1—ﬁ>0'5 yt (1_5)0_3 XH,tTt (1_/6)0_8 XH,tyt ( )
Og T 3
— +—F +
(1_ﬁ)0'3 XH,tgt (1—,6)0'3 ytTt O<||§|| )
Loa_dG
with ¢,, = Y:t'
Multiplying c:on both sides of Eq.(4-5-14) yields:
C,sp, =C.X, , + T i+ T cy, — %6 g, — 1 cé
t t t7H,t (1_ﬁ)0'5 t't (1_ﬁ>0'3 t/t (1_ﬁ)0'5 tIt (1_ﬁ)0'5 t t. (4_5_15)

+o(el)

Multiplying du,: on both sides of Eq.(4-5-14) yields:

Pz, =X, 2, +——F 24—y +s.o.t.i.p.+o(||§||3)
t=t H,t“t (1—ﬂ>0'3 t=t (1—ﬂ>0'3 t=t
Plugging Eqgs.(4-5-14) and (4-5-15) and the previous exprssion into Eq.(4-5-12) yields:
R S A S )
' * (1—ﬁ)05 ‘ (1—ﬁ)03 2t 2
+ U 7ﬁt2 + T Ye = CXpne — T Ct7ﬁt
2(1_ﬁ)03 2<1_ﬁ)‘75 ( _6)03
00 1 R 5
w=(1- By |~ +—6 + — +tip.+o
w ( 6)2035 0 ( —/B)O'B tyt ( —B O'B Ctgt (1—5)0'5 CtCt Ctzt I p (”5" )
+ . XH,t%t + . H,tyt Ze XH,tgt
(1=B)os (1-5)o, (1-5)o,
+XH i’zt + u %tzt + . yi’Tt + u ytzt
’ ( _ﬁ)gs (1_ﬁ>gs ( —ﬁ)aB

.(4-5-16)
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4.7 Second-order Approximation of the Market Clearing Condition
Eq.(1-2-76) can be rewritten as:

Y, =(1-v)X,!C, +vS/Z , +G,. (4-7-1)

Ht™t

Where we use X, =P,,/P, and Eq.(1-1-20).
Second-order approximation of Eq.(4-7-1) is given by:
XH,t’Ct'St'
Z,.,G

1,675t

H

1
=Y +Y, (X, —1)+Y(C,—C)+Y(S,—1) Yo (X, —1)

1 .
+Ye (S =1 + Ve (X, —2)(C, =€)+ Yy, (S, —1)(Z;, 1)
+tip.+o(l¢])
1, 1, . 1.,)
=Y —n(l—v)C[xH/t +EXH’t]+ (1—U>C[Ct -l—Ect ]+U7721 [st +55t ]
1 1 .
+577(77 +1)(1—v)Cx;, +Evn(n—1)let2 —n(1-v)Cx,

+unZ,s,z,, +tip.+ o(||§||3)

which can be rewritten as:
Y. —Y
Y

C 1 C 1 C 1
=-—n(1- U)V[XHI + Exf,,t ] +(1— v);[ct +Ect2] + vn;[st + Estz]
1 C 1 C C
+En(77+ 1)(1—v)7x,2“ —I—Evn(n—l)vsf —n(l—v);xmct

c . .
+U77?stz“ +tip.+ o(||§||3>

C C C nl-wv)C
= —n(l—U>7let —|—(1—U>7Ct +’U’T]7$t ——( > >7[1—<T] —|—1>]X’5,t
1-vC vn C C
5 7@2 +7n7[1+(77—1>]53 —77(1—1))7";4,&

_|_

Cc . .
sz, +tip. ol

2
1_
= —n(l—v)gxw +(1—v)$ct —Hm%st —|—M€Xfm
1—vC wn® C C c .
+ . 7cf+ ;7753—n(l—v)va,tcﬁ—vn?stzM
+tip.+o([¢[)

Then, we have:
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nz(l_v)ac 2 +(1_U)Uc 2

Vi = _77(1_U>UCXH,t +<1_U)Ucct +TUNoS, + 5 Ht 5 t

2
UUZUC Stz - 77(1 — U>UCXH,tCt + UWcstzI,t +tip.+ O(ans)

Iterating the previous expression yields:

+

—y, —n(l—v)ocx,, +(1—v)o.c, +vno.s,

o0 2 1_ 1_
OZZﬁfEO +MX;J +%Cf +tlp—|—o(||£||3> (4_7_2)
t=0

2
V1) O¢

+ St —U(l—U)UcXH,tCt +U77065tzl,t

4.8 Second-order Approximation of the Definition of the Relative Price
Definition of the relative price of PPl in the SOE is given by:

P
XH,tE%,

t

which can be rewritten as:

>
2o

X
=

Il
|
EEU

I
-0 ‘
o

-

-

V|, R
U)|.,:U

-

By raising both sides on the previous expression the n—1 th power yields:
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=R RIS,
B
S LA A At

=[a—v)py R RS
= (L)L RS Rl TR S

n—1
Ft

= (1 — ’U) —_— S;(H*l) + UB:ZL;7/PF1(7171)S;L,/,1

H,t
(1—v)s" s, " f st
(1-v)+vS ™"

By raising on the both sides of the previous expression 1/(77—1) th power yields:

1

Xy =|(1—v)+vS/ "1, (4-8-1)

Second-order approximation of Eq.(4-14-24) is given by:

Xy =1+X,,(s, _1)+%st5 (s, 1) +o(Jef’)
—=14X,, [st +%sf] +%XH s Ho(lf) - a-8-2)
= 1 Xy 5, + 22 o)

Xus and Xy ss are given by:

1
Xys = L[(1— v)+vs Y }714 v[=(n-1)]s

n—1
e
_u=t-v)]
n—1
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Xus =2 ﬁ‘l][u—v)ws(“’]*Zv[—w—ms"v[—m—mw
+ﬁ[<1—a)+v5("1)]’711111(—77)[—(?7—1)]5”1
:nill_n@;l)[(l—v)—l—v]nilZv[—(n—l)]v[—(n—l)]
+ﬁ[(1—v)+v]nlllvn(n—l)

__ TN e 1)2 un(n—
_(77_1>2v (n—1) +77—1 n(n—1)
=—nu’ +un

=wun(1-v)

Plugging those expression into Eq.(4-8-2) yields:
—v)+oun(l—ov
X, :_Ust+( ) 2"< )sf+o(||§||3)
vn(l—v)—v
s +%sz +ofle)

[n(1—v)—1]
2

v
=—vs, +

3
st +of|)
Iterating the previous expression yields:

v[n(—v)-1]

s +o(lef). @83

0=> B'Ey{—x,, —vs, +
t=0
4.9 Second-order Approximation of the International Risk Sharing

Condition
Eq.(1-1-21) can be rewritten as:

Z*
Q =C 2. (4-9-1)
Zt

Second-order approximation of Eq.(4-9-1) is given by:
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Qt :f<Ct'Zt’Z;,t)
= 1+fc (Ct _C)+fcz; (Ct _C)(Z;,t _1>+fcz (Ct _C)(Zt _1)
+tip.+of|¢) :

—ttclq 436 ez, oz +tip.t of|4F)

—1+Cc, —!—C%cf +Cc,2,, —Ce.z, +tip.+o(|¢[)
which can be rewritten as:
g =c +%c3 ez, ez +tip+o|l)
By Plugging Eq.(3-1-4) into the previous expression, we have:
(1-a)s, =c, +§c3 62, —cz, +tip.+of|ef ). (492
In the first order, Eq.(4-9-2) can be rewritten as:
(1-a)s, =c +tip.+o([¢[)
Iterating the previous expression can be rewritten as:
0= ti;ﬁon [c. —(1—a)s,]+ tip.+ o(||§||2) . (4-93)

4.12 Second-order Approximation of the Production Function
Eq.(1-1-80) can be rewritten as:

_ KA
A

N

t
t

Second-order Approximation of the previous expression is given by:
N, :f(Yt'Af'At>
=N+ £, (%, —Y)+ £, (A2 = 1)+ £ (%, —V)(A — 1)+ tip.+o(|¢]

’

= N+Y[yt +%yf] +YInA? —VYy,a,
+tip.+of[¢[ )

which can be rewritten as:
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N, —N 1
tN — Ylly[yt +Eyf]+YlnAf —Yy,a,

+t.i.p.+o(||£||2)
1 .
[ 3| rimat e, +tip. o
Further:
1, o . 2
n =y, +Eyt +InA? —y.a, ~|—t.|.p.+o(||£|| )

Iterating the previous expression yields:
0=> 8"
t=0

4.13 Eliminating the Linear-terms

4.13.1 Undetermined Coefficients

In the first-order, Eqgs.(4-2-17), (4-5-16), (4-3-1), (4-7-2), (4-8-3), (4-9-3), (4-4-8) and (4-
12-1) are given by:

W:iﬁtEO{u o yt_v’r}(z_;v)st}+o<”£|

3

. (4-12-1)

1
—n, +yt +Eyt2 +2/: 7Tfl,t —Y.a,

p

3), (4-13-1) <(a-217)

—a)oc 1
¢+ Xy, +—?
~ TRt Ht 1_ t
5=(1-8)> 5%, T (1=B)e, +tip.+o(l¢f), (413-2) s
t=0 + y
(1-B)o, "
;2T . T T
o0 W, — 1 T+ 1 ¢ — 1 Ye
7, =r> BE, T AT tipto(f), (8413-3) <as
=0 _1i XH,t
0=3 "5k, I v)oce L vjoex, +tip.+o([¢) (4-13-4) w72
t=0 ° TUN0oCS,
0= "B, (—x,, —vs,)+o(|¢[") (4-13-5) ~wss)
t=0
O:iﬁtEo[ct—(l—v)st]+t.i.p.+o(||£||3) (4-13-6) —(a-93)
t=0
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0= 2/35

n—|—yt

Qe e

v :’{WiﬁtEo (@nt TG — Xy,

(4-13-10) <(a-12-1)

w;)+tip.+o([¢[), (4-13-9) (ees

How Eq.(4-13-1) corresponds to Eqs.(4-13-2)--(4-13-6), (4-13-9) and (4-13-10). Let solve
this problem by method of undetermined coefficients.
The system of coefficients of Eqgs.(4-13-2)--(4-13-6), (4-13-9) and (4-13-10) is given by:

T T

where the LHS is the vector of coefficients of yu:, 7,,, St, Xnt, ¢, W,

0, — 0,-06,+06
2 <1—6)0'B 1 1_7_ 2 3 9
¢ T 27
—_— —O0
0 (1-08)o, g 2
vn(2—v) o O, —v0, —(1-v)6,
1-v |= T
0 @1—r n(l-v)o.0,—0,—0,
0
o -0, +1 0, +(1-v)0 0, +6,+06,
0 0, -6,
PO, — O,

’

Ve,
Tt
St

XH,t

Ct

we and n, . in

Eq.(4-14-1) and the ©,, 6,,06,,0,,0,, ©, and O, are undetermined coefficients

on Egs. (4-14-2)—(4-14-10), repectively. The previous expression can be rewritten as:

) T T

un(2—v)
1-v

0-6,-0,
OZ‘P@S_@9

2—77(1—1;

0,-0,+6,
.

=—uno 0, +1v0, +(1—v)6,

)00, -0, -0, ([4-13-11)

(1-v)0.0,+0, +6,

The 7t" equality in Eq.(4-13-11) can be rewritten as:

0, =0, . (4-13-12)
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The 6% equality in Eq.(4-14-11) can be rewritten as:
0, =0,.(4-13-13)
The 5% equality in Eq.(4-13-11) can be rewritten as:

0,=6, —IL@2 —(1-0)0,0, —6,. (4-13-16)
-7
The 4% equality in Eq.(4-13-11) can be rewritten as:

0,=0, —%@2 —n(1-0)0.0, -6, . (4-13-17)

The 3™ equality in Eq.(4-13-11) can be rewritten as:

2—1 1 1-—-
0,=—"" 1+ - 0,+—20,.(4-13-18)
(1-v)o,  no. vno,

The 2™ equality in Eq.(4-13-11) can be rewritten as:
1—
e :—7-@1. (4-13-19)

’ 2(1_5)03

The 1st equality in Eq.(4-13-11) can be rewritten as:

o,=1=Bos® (1=Blosg  (A=Bosg (=B g (41350
TO, 1—7 T T

Plugging Eqgs.(4-13-19) into Eq. (4-13-20) yields:

@1:(1—B)UB<I>+(1—5)UB 1—7 @1+(1—ﬁ)03 @3_(1—ﬁ)03 o,
TO, 1-7 2(1-0)o, T T

— d 1-— 1-—
:(1 ﬂ>0-3 +1@1+( 6)0-3 @3_( B)O-BGB

TO, 2 T T

which can be rewritten as:

1@1 — (1_6)0-3(1) + (1_ﬂ>0-3 @3 _ (1_6)0-8 @9'

2 TO, T T

Then:

0, = 2(1=P)o,® | 20-F)a, o, —M@g . (4-13-21)

TO, T T

Plugging Eq.(4-13-18) into Eq.(4-13-21) yields:
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O, =
TO,
+2(1—ﬂ)03 _2-w 1 @4+1 Yo
T (1 - U) Oc T10c uno .
_2<1_/6>UB @9
T
2(1-8)o,® 2(1—P)o,(2—v) 2(1—B)o,
= — + 0,
TO, T (1 — U) o8 TNO
L20-8),(-v) g 20-B)oy o
TUNO T
2(1-B)o,[@(1—v)—(2—v)] 2(1—p)0,
= + o,
T(1—v)o, ™o,
+2(1_ﬁ)03<1_v)@5_2(1_ﬁ)03 o,
TUnO T . (4-13-22)
Plugging Eq.(4-13-17) into Eq.(4-13-22) yields:
o _2-BA)n(-0)-C 0] 20-Bag T o o o
T(1-v)o, TNo 1-7
L2080, (1-v) g 20-B)oy
TUNO T , Which can
20 B)o[el ) (v 20-B)ay  20-A)a,
T(1-v)o, ™o, noe(1—7)
2(1-8)(1-v)a, @3_2(1—5)05 @8+2(1—ﬂ)03(1—v)@5_2(1—5)05 o,
T TNO - TUT)O ¢ T

be rewritten as:

L 21-B)a] _21-Bafe(1-v)-(2=v)] 21-H),
o, v T(1-v)o, no.(1—7)
2(1-8)(1-v)a, 63_2(1—5)05 @8+2(1—ﬂ)03(1—v)@5.
T TNO ¢ TUNO
_2<1_ﬂ)0—5 @9
T
Further,
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r10e~21-8)oy o _20-B)ay[@(1v)-(2-v)] 201-p)a,
o, v T(1-v)o, no.(1—7) *
2(1-8)(1-v)o, o, 2(1-B)o, o, +2(1—5)aB(1—v)@5 ]
T TNO TUNO
_2(1—5)08 0,
T

Let define ', =70, and I', =1, —2(1—ﬁ)05 . Then, the previous expression can be

rewritten as:

Ly _ (O =T )n[@(—v)—(2-v)] (I, -T,)r
r, T,(1-v) r(1-7) *

_nac(l—v)(Fl—Fz)@3+(1—U)(F1—Fz)@5 .

I, vl
_(FI_F2>@8_F1_F2@9
I, T

Then:
T, :(Fl—FZ)F3_(F1—F2)7—
r, ' T, r,(1-7) *

UUc(l—@P’)(Fl—Fz)ea (1 U)<F1_Fz)95

1 UFI
_<F1_F2)®8_F1_F2@9
Fl
P(1—v)—(2—v
with szn[ ( )= >].Thus, we have:
1-v)
@1:(I‘1—I‘2>F3 _(Fl_Fz>T@2_770c(1_U><F1_Fz>@3+(1_U)<F1_Fz>@5
I, I,(1-7) r, ol
_(F1_Fz)@8_F1(F1_F2)@9
I, TI,

Plugging Eqgs.(4-13-12) and (4-13-13) into the previous expression yields:
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(Fl_F2>F3 (Fl_F2>T _Noc (1_U>(F1_Fz>

0, = — (C]
' r, r,1-r) * r, ’
+(1_U)(F1_Fz)@5_(Fl_rz)es_@rl(rl_rz)es
ol I, I,
:(F1_F2)F3 _(Fl—FZ)T@ _nac(l—v)(Fl—F2>@
T, r,(1-7) ° T, ’
+(1—U)(F1—FZ)@5_<F1—F2>(T+QO>®8
ol 7T,
_ (F1 _F2>F3 _(Fl _F2>T@ _(Fl_rz)[7+90]@
- 2 2
I, I,(1-7) T,
_77‘76(1*1))@11_F2)93+(1_U)(P1_F2)95
r, ol
_ (F1 _Fz)rs . (Fl _F2>{7—2 +(1_7—)[7—+90]}@
I, 7(1-7)T, ?
_no (1= 0)(T =T) o (A=) = T5) o . (4-13-23)
I, ’ ol °
Eq. (4-13-21) can be rewritten as:
2(1— ¢ 2(1-—
@3:2 . T @1_ ( B)O'B + ( 5)0'350@2
<q)_ B)as 70 4 , (4-13-24)
-
=——+ 0, +¢O
Oc ( _5)03 ' ’

where we use Egs. (4-13-12) and (4-13-13).
Plugging Eqgs.(4-13-19) and (4-13-24) into Eq.(4-13-23) yields:
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O _(Fl_Fz>F3_(Fl_FZ){Tz'i_(l_T)[T_"SD]} 1-71
b I, (1-7)T, 2(1- )0, '
770-C<17U)<F1_F2) o T 1—7
S T I TR PR T
+(1—v)(F1—F2)
vl
(Fl—Fz)Fa n(l—v)(Fl—F2)<I>
FZ + FZ
(O -T ) +@-7)lr+ol} . no (1-0)([,—T,)r
m1,2(1—3)o, ' I,2(1-5)o,
nac(l—lj)(Fl—Fz)gp(l—T) (l—v)(Fl—Fz)
- I,2(1—8)o, Ot ol
:(Fl—F2>P3—|—T]<1—’U)(F1—P2>(I)+(1—U>(F1—P2>®
T, ol °
{72+(1—T)[T+<,0]}+noc(l—v)r+nac(1—’u)<p(1—7')
TI, I, I,
:(Fl—Fz)[r3+n(1—u)q>]+(1—U)(r1—r2)@
I, ol ’
_{7'2+(1—7‘)[7’+<,0]}+770C(1—U)72—I—nac(l—v)gp(l—T)T@
I, !
:(Fl_F2>[F3+77(1_U>(I)]_’_(1_U)<F1_F2>@
T, ol °
_7‘2+(1—7’)[T—|—g0]+770€(1—1})7‘[7‘+g0(1—7’)]@
T !

2

©,

O,

e,

O,

©,

which can be rewritten as:

[1+ F7 ]@1 _ (Fl _F2>[F3 +77(1_/U)(I)] + (1_U>(P1 _Fz)@s.
TFZ Fz UFZ
Further:
TFZ—I—F7 _(Fl_Fz)[F3+n<1_U>q)] (1_0)(F1_F2)
0, = + O
TFZ Fz UFZ

with ', =724+ (1—7)[7 +¢]+n0, (1—'0)7'[7'—}—@(1—7')] . Then:
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@1 _ T(Fl _Fz)[F; +77<1_U>(I)] + (1_U>7-1<—‘F1 _F2>@5’ (4_13_25)
8 Uls

with I'y =71, +T,.
Plugging Eq.(4-13-13), (4-13-19) and (4-13-24) into Eq.(4-13-16) yields:

EEa
~(1-vjo s 2B re, Lvnlorlr,,
:<1_U)@+2(1—ﬂ)03—TZ—(il_—[;;Lic[T—sO(l—T)]@l

Plugging the previous expression into Eq.(4-13-25) yields:
o — (T, —FZ)[F3 +77(1—U)<I>]

! r

8

+(1—U)T(F1—F2) 2(1—ﬁ)03—T—(l—v)UC[T—go(l—T)]

UFg (1—U)‘I)—|— 2(1—ﬂ)0'3 @1

(0, =T)[Ts + (1 v) @) (0 —I,)(1-v)®

I, vl

(1—v)7(T,-T,)2(1—p)o, —7—(1—v)o, [T—(p(l—T)]
+ ol 2(1-f)o, 61
(0, =T, Cao+ (1 - v)po+ @ (1) ]
B ul'y
+(1—U)7'{2(1—5)05 _7;};(1—1)>0'C[T—g0(1—7')]}®1
_ 72(1-8)o, {F3v+®(l—1j)[nv+(1fv)]}
ul'y

+(1—U)7'{2(1—5)03 _7;);(1—U)O'C[T—g0(1—7)]}®1

which can be rewritten as:
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(1—1))7'{2(1—6)03 —T—(l—U)O’C[T—(p(l—T)]}
vl

1—

©,

8

7'2(1—5)03 {F3U+<I>(1—U)[1+U(n—l)]}

vl
Further:
oLy —(1-0) T2 -B)oy — (1 v)oclr—p(-T)]}
vl '
_ 72(1— )0, {F3U —1—@(1—1))[1—1—1)(77—1)]}
vl'y

Then, we have:
{UFS —(1—1))7{2(1—5)03 —7'—(12})06[7—30(1—7')]}}@1'
=72(1- )0, {P3U+(I)<1—U)[1+Z}<T]—l)]}

Let define I,=2(1-8)o,—7—(1-v)o. [T —p(1—-7)] and

Iy =To+®(1—v)[1+v(n—1)].

Then, the previous expression can be rewritten as:

_ 7'2(1 — ﬁ)UBFm
vl —(1—v) 7T,

Plugging Eq.(4-13-13) into Eq.(4-13-17) yields:

. (4-13-26)

1

-
0,=0, —r@z -n(l-v)o O, -6,

) . (4-13-27)
=0,~—1-0,~n(1-1)0.0,

Plugging Eq.(4-14-13) into Eq.(4-14-16) yields:
0,=06, —i(az —(1-v)08,. (4-13-28)
1-7
Note that:
©, is given by Eq.(4-13-26), O is given by Eq.(4-13-19), O3 is given by Eq.(4-13-24),
B4 is given by Eq.(4-13-27), Os is given by Eq.(4-13-28), s is given by Eq.(4-13-13)
and g is given by Eq.(4-13-12).
Then, the solution of Eq.(4-13-1) is given by:
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1—v

iﬂtEo {gyt - Un(z_v) Srj’
t=0 O¢

=0,(1-8) '@, + 0,5 ', + Ok, T

=X, T USE e e
H,t 2( _ﬁ>0'5 t 2(1—ﬂ)0'3 t (1—ﬁ)0'3 Ht't
X,y Ze g +— V7
(1_/6)0_3 Ht7t (1_5>0'B H,tJt (1_/6)0_3 t't
- 1 T T
0,5 B, |+=c —cx,, — P
+ 125 0 +2Ct CtXH,t (1—ﬂ>0'5 CtTt (1—B>O'B Ctyt
+—% g+ ! ¢ -z, +x,,2
(1_ﬁ>0'3 tgt ( _B>O'B tot H,t<t
e Fz .7,
(1_/B>Us (1_/B>Us
1, .\ T 2 T 2 T 2
P e R e e K
2
= 15
f0 —¢ Wt +Ctat +yt ¢ — Y0, +thlcl,t — Xy 10, +?p7ril,t
o f<1_v)0c 2 772<1_U)0c 2 U7720'c 2
+®3ZﬂtEo 2 Ct + 2 XH,t + 2 St
e _77<1 o U>0-CXH,tCt + WIchtzI,r
00 vin(l—v)—1
+@4ZﬁtEo< [77( 2 ) ]Stz}
t=0

2+ 1 1 1
00 SO( SO) nf __Ct2 __Xfl,t - <Wt+k> T CN + G X
k 2 2 2 2
+6,)_3'F,
t=0 r r r Ew (1_’_90) w )2
+CW, — Xy — W, — X, Wy +—<7TH,t> , (4-13-29)
+0 Zﬂ yt +—7rHt a, |[+T, 4+, +tip.
p
+o(é)
with:

T, =0,(1—6) ' @, + 0,k T, + Ok, T

Above results imply that © ¢ must be disappear.
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Now we focus on lines 4 and 7 in Eq.(4-13-29). Plugging Eq.(4-13-13) into lines 4 and 7
in Eq.(4-13-29) yields:

1<W')2—1— T 2T y2— T2 _wa
> 2V 21-7) " 2-1)7" 2(1-7) "t T
B T e R M
— 9
- _thtr +Ctat +thtr _ytaH,t +XtW;,t _XH,tat +?p7rfi,t
P2+ 1 1 1, , \2
00 %nf _Ectz _Exi/,t _E<Wt+k) T CN + G X
k
+6,)_3'E,
t=0 r r r €W(1+§0) w \?2
TCW, —N Xy —NWy o — Xy Wy, +T<”H,t>
1 r\? T 2 T 2 T 2
2<Wf) +2(1—r)cf 20—7)" 21—
00 _CtWtr +Ctat —f—thtr _ytaH,t +Xthr-I,t _XH,tat +%7T.Zl,t
=+0,) [E
2;0 90(2+90)2 1, 1, 1.,y
+Tnt _ECt _EXH,t __<Wt+k> +Ctnt +CtXH,t
r r r 8w 1+(p w 2
+CtWt _ntXH,t —nw, _XH,tWt +¥(7TH¢>
T 1, 7 2 g 1), p+¢) ,
21-7) 2 “ 2(1—T>yt 2(1—7’)+2 o 2

0

. t

- +®22ﬁ Eo 11¢.a, — iy, — Xy 10, +cn, + CeXpype — N Xy s
t=0

1+
(o) + 2w,

i N 7 S H A2
2(1—7’) 2(1—7’) 2(1—7’) 2

2

e 15

_ t p

- +®22ﬁ EO +Ctat - ytaH,t - XH,tat + c.n, + CtXH,t - ntXH,t + ?WH,t
t=0

+€W (1—|—g0> (th)z

2 i

where we use Eq.(4-13-33). Note that cross term of w/,, no longer disappear as long

as a=0. Plugging the previous expression into Eq.(4-13-29) yields:
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> d vn(2—v
§ ﬁtEo‘[ Ve — 77( )St}
=0 o8 1-v

=0,(1-8) '@, +0,x T, + Ok, T

Xy Ty, P
27 2(1-B)o, * 2(1-PF)g, " (1-B)o,
+ T X — G X, . -+ T V. T
(1-0)0o, Gl (1-B)os ™" (1-B)o "
10,3 8, | +1¢ ——
2 R e T g, T By,
+—% g + L ¢l — .z, +x,,2
A=)y e, T
R — R — 4
(1—ﬂ>05 tt (1_ﬂ>05ytt
rg e Ay
20-7) ° 2(1-7)" 2(1-7) 2
g
—|—@2iﬁtE0 +Crat YOy — X404, +Ctnt + CoeXpe — N Xy e _{_?Pﬂ-fm
t=0 g, (1+0), , v PE
P i
__()Oytat

. (1-v)o. , n*(1-v)o, , o, ,
+0,) BE{ 2 “t ;T
e _77(1 - /U>O-CXH,tCt + UUUcStZI,t

{U[n(l—v)—l] ,
2 %

+6,) A,
t=0
+T, + Y, +ti.p.

+olJ¢l)

where we use O, =0, . Eq.(4-13-12). The 4™ line in the previous expression can be

rewritten as:
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e At AT Y
20-7) * 2(1-7)"" 2(1-7) 2
€
+@2§:ﬁtEo +Ctat _ytaH,t _XH,tat +Ctnt +CtXH,t _ntXH,t +?p7rf’ft
R
+ . <7TH’t)+(1—a)2yt 1-a) p7TH,r
—py.a,
T—(l—T)Ct2+g0(1—T)—Tytz_ 1 Xf+gp(2—|—<p) 2
2(1—7) (1-7)2 2(1-7) 2

o0
+
t
= +@22ﬁ Eo 1+c.a, — 1—o Y.a, — X, .0, +cn, + CeXpe — N Xyt
t=0 -

—
+€P<hp So)ﬂzt_i_gw(l"’@)
2K ’ 2

p

2
w r
(wtr, ) —anw,

Lastly, we have:
, (4-13-34)
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o0

2B

t=0

UT](Z—U)
1-v

& }
— VY~ S¢
O¢

=0,(1-0) '@, + 0,k T, + Ok, T

lxz + T 2
27" 2(1- )y, Ve
X Y X,
(1—5>O'B H,t7t (1—ﬂ>0'3 H,tJt
> 1 T
C) ‘B |+=c? —
+ 1;5 0 +2Ct CtXH,t (1—ﬁ)0'3 Ctyt
Og 1 s
+(1—/8)O' Ci’gt +< —/8)0' tht Ctzt +XH,tzl’
B B
oy,
(1B
T_<1_T)Cr2 gO(l—T)—Tytz_ 1 X2
2(1—71) (1—7)2 2(1—7)
+@zzﬁtEo 1 +Mntz +Ctat —®Y.a, _XH,tat +Ctnt +CtXH,t
t=0
E,|K, T¥ g, 14+¢), , \2 r
=N Xy, + p[Zif ]W;,t + ( 2 )(WH,f) —anw,
'p
io: '(I_U)Uc 2 772 (1_/U>Uc v UUZUC §2
+@3 BtEO‘ t 2 H,t 2 t
e _77(1*U>UCXH,tCt +U770c5tz:,t

U[n(l—v)—l] e
2 t

+@4i5f501
t=0

+T, + 7T, +tip.
+ol ¢ )

which can be rewritten as:

|
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> 6] vn(2—uv
ZﬁtEo {_yt _L)St}
t=0 Oc

1-v
—=0,(1-6) '@, + 0,5, + Ok, T

i_ @z + 63772 (1_U>Uc
2 2(1—7’) 2

+

. g_‘_T—(l—T)@z +@3<1—U>O'C
2 2(1—71) 2

@3U7720c + @4U[77(1 - U) — 1]
2 2

+

—[@1 -0,+0,n(1- v)ac]ctx,”
+ZﬂtE0 (1_B>Us . (1_5)03
t=0

_@ZntXH,t -

Ctyt + @thnt

_ G0,
(1 - ﬂ) Op
+92Ctat - @@zyrat - @2XH,tat
(S) ~
+Wctgt - @1Ctzt + @1XH,tzt
B

O,7

+ Y.z, +0O,un0.s,2;

(1-8)o, (4-13-35)

+@zs0(2+so> )

,
n; —aO,n,w,

H,t

+@25p[/€p+<p]7rz +@2€W(1—{—g0)( Wt)z
2I<&p

+T, + 7 |+ t.i.p.

+of[¢f")

Eq.(3-1-8)’ can be rewritten as:

1 nv(2—v) v o, )
_ N _ - . (4-13-30
N (1-v)o, v (1-v) i (1-v) “ue (1-v)o, 9 )

Eq.(3-1-11) can be rewritten as:
1 1 1

s, = c, — z + z. . .(4-13-30)”
1-v ¢ 1—0 ( )
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Eq.(3-1-26) can be rewritten as:
v, =(1—a)n, +a,.(4-13-30)"
Plugging Eq.(4-13-30)” into Eq. (4-13-30)’ yields:

co_ 1 _(2-v) 1,1, ) v e .
t_(l—v)acyt (1-v) \1-v C1-v "t 1-0 (1-v) e (1-v)o, '
1 _(2-v) n(2—wv) v . n(2-v) . O,

= c + zZ, — Z,, — Z,, —
T T T TR O E W) L TR D S R P

, Which can be rewritten as:

2
(1-v) +77U(2—U)C 1 y +nv(2—v)z v _771)(2—"0)2* %
(1—’(})2 t <1—’U)O'C t , ; t

(4-13-30)""

. Finally:
o — (l—v)2 1 7711(2—11)2 o S _77U<2_U)z* 0O
t <1—U>2+77U<2—U) (1—U>O’Cyt+ (1—1))2 t (1—1)) 1t (l—U)Z 2t (l—U)O'Cgt
_ (1—U) y 77U(2—U) , U(l—v)
(of rm—olo. @ o) @) o)
nv(Z—v) . (1—U)0‘G

T ) o o)

Plugging eq. (4-13-30)" into the previous expression yields:
_ (1—v)(1—a)n + nU(Z—v)Z B v(l—U) S nv(Z—v)z*

t t t 1,t 2,t

’yUO-C ,Yl,' PY'U PY'U . (4_13_30)
1—- 1-
e ),
f}/UUC ’)/,UO'C

with 7, =(1—v) +nv(2—v).

Plugging Eq. (4-13-30) into Eq.(4-13-30)" yields:
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t + Z,— Zy,
s — 1 ’YUO-C ’71/ ’71
"l-w nw2-v) . (1-v)og (1—v)
- Zyt — a
71 71:Uc 710—(3
1 z + 1 z, . (4-13-32)
1-wv 1-v
1 v(2—v)—", (A v(2—v)—7, -
- nt+n( ) ,th__zl’t_n( ) ’Yz“
7’1)0-C (1 - U) 7’1) 717 (1 - U)f)/u
1
__Y% g, + a,
/Yvo-c /Yvo-c
Plugging Eq.(4-13-32) into Eq.(4-8-3) yields:
1 n(2—v)—r, . nu2—=v)—=7,
n, + ( ) Zp ——12y, _Azz,t
. /7’1)0-C (1 - U) ’yv ’yv (1 - U) /YU
Xy, =—U
' Og 1
J— g _|_ at

t
,Yvo-C ,YUO-C
2

v _v[ﬂv(Z—v)—%]zr_i_v_z;t+v[ﬁv(2—v)—%]

z,, . (4-13-31)

Y, 0c (1-v)7, Y, (1-v)y,
VO, v
+ g; — a,
vzwo-c 71305

Let plug Egs.(4-13-30) to (4-13-32) and (4-1-30)” into the second-order and cross terms
in Eq.(4-13-35). Then we have:

Y n —U[m(z_v)_%]zt+U—zz;t+v[m<2_v)_%] )

o= wee s 1o Yo (1-v)y,
n Vo, g — v q
fYUO'C f}/vUC
v (1-a) e 20’ [ (2—v)—7,](1-a) . 20° (1—a) . , (4-13-36)
B A o o P
v- C v v
20 (2—v)—7,]J1-a) . 2v*(1-a)o, 20 (1—a)
- 2 t42t 2 tY¢ 2 el
(1 - ,U)’YUO-C e (71)0-C) " (700—C> e
+s.0.t.i.p

2
vi=ln+al (4-13-37)
=n! +2(1—a)na, +s.0.ti.p
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1—Unt N nv(Z—v)Zt v(1-v) . nv(Z—v)z
Cz _ ’yL?O-C ’yu /YL,‘ ’yu
t — 1_ 1—
_( U)UG g, + v
,szo-C ,‘yvo-C

(1-v) , 2un(2—v)(1—v)

a,

= 2 n; + 2 n,z, ’ (4'13'38)
(f)/UO-C ) Y9
20(1—v) . 2un(2—v)(1—wv N
_¥ntzl,t - ( 2 )( )ntzz,t
,YUO-C ,YUO-C
2 2
— Zv(l—v)z e ng, + 2(1- UZ n,a, +s.0.t.i.p
<7v0-C) (71;0-C>

with 7. =(1-v)" and 7, =7(2—v)(1-v),

2
1 nt+m}(2_v)_%zt—izlt 771)(2—11)—%22t
Sz o ’)/1)O-C (1_U 71} ’71) (1_10)7'1)
=
O + 1 a,
fyuo-C IYUO-C
1 L 2Ry e
(71;‘%)2 t (1_1))'712;0'6 o 12; c o
2lnv(2—v)—
o [77 ( )2 %] 2o e ng, + 2 N4,
(1 - U) fYUO-C (Pyvo-C) (fYUUC)
+s.0.t.i.p
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J— U nt
— — /7130-
1 vnt+nv(2 U>Zt c 2
ALY )] e
v(l—v) . nv(Z—v) . (1—'0)% ‘ " Y
CtXH,t =\ zl,t - zZ,t
Y, Yo V=)= . L%
B ) AP ) (1-v)y, " e
f}/vo-c f}/vO-C v
71:0-6
v(l—v vinu(2—v)—~, vi(1—v) .
- ( z)ntz_ [ ( 2 ]ntzt (2 )ntzl,t
(’)/,U O-C ) 71: UC ,71: JC
v(l-v)pu2-v)=7.] . v(l-v)o
N [ : ]ntzz,t Lo=vog
(1_7‘))’7’00—(3 (’Yuo-c>
v(l-v v'n(2—v vi(l-v .
_(—z) tYt T (z )ntzt + (2 )ntzl,t
(’Y“Uc) ’yvo—C /YUO-C
n(2— 1— 1—
- 77(2 U) te2,t U( ,U)ZO-G tgt - U( /UZ) ntat +S.O.t.i.p
Vq)O-C (fyLUC > (’Y’U OC )
v(1—wv v|2vn(2—v)—7, v2(1—-v) .
- ( 2) nt2 - [ 2 ]nt t #ntzl,t +
(’YL O-C ) 7@ UC 7@ UC
2 2—v)— . _ _
U[ v - v) ’Y”]ntzzlt—f——vz(1 U)ZUG ntgt——vz(1 g)ntat—f—s.o.t.i.p
Y9¢ (’}/UO'C) (71?0-6)
2—v)— z2
v t_v[nv( v) %]ZHLU—ZH
fyuo-c (1_/0)71 v '
XH,tyt = [nt _I_at]
U[UU(Z—’U)—’}/U] . Vo, v
zZ,t + 9, — a,
(1 - U) ,yu fyuo-c 7110-(3
2—v)— 2,
__ v . v t t_v[ﬂv< U) %]zr”r+v_”rzl,r . (4-13-40)
fYL'UC 71)0-6 (1 - U) va 71:
2_ - *
v[nv( V) %]ntzz,t +-e ng, — n,a, +s.0.t.i.p
(1 - U) ,Yzw 71)0-C 71)0-6
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v T
v C [ v
Y, = [n, +a,]
2— « 1— 1—
- nv( U) zZ,t ( U)OG gt ( U) at
’YU ’yuo-c /YLUC
_17vpe 1ov n.a, + vn(2-v) n.z, — v(i-v) nz,, ,(4-13-41)
fy’uo-C fyUO-C f}/l, v
) P ) N ) I
fyU fyUUC UUC
10, wRow), vy w2y
cn. — ,VUO-C 71 ’V’U ,Y“ n
Tl (=)o, (1-0) t
_ " at
,}/UO-C ,}/UO-C
_ 2— 1— . 2— .
= v t2 + 77U( U) 2y — U( U) n.z,, _Mntzlt ’ (4'13_42)
Y,0¢ Yo Yo Vo
(1o, (1-v)
ng, + n.a
,}/UO-C o ,‘y’UO-C o
v _’U[??U(Z—’U)—’}/U]z +U_zz*
1,
T 7 S
tXH ¢ t U[nv(z—v)—’yv]z* n VO, g — v a
(1_U>fyu " V’UO-C t V’UO-C ‘
2_ - 2 *
_ v n— U[UU( U) 'Yv] nz, +U_ntz1,t , (4-13-43)
71)0-C (1 - U) IYU 71)
v /r]U Z_U _’Yv *
[v(2-v) ]ntzz,t Y% e ng
(1 - U) 71) 71;0-C 71}0-6
v _U[?]U(Z—’U)—’Yv]z +v_zz*
71'06‘ t (1_/0)7/11 t ’Y'U v
Haude = U[ v(2—v)— ] 9
77 71: z;‘,t + UOG gt _ v at ’ (4-13'49)
(1 - U) Yo YuOc YuOc
=7 ng, +s.o.ti.p
’YUUC
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1—v +77U(2—U> v(l-v) . R-v) . (1-v)o,

s n, N Z,— 5 Zy: N Zyy v o 9;
Ctgt: v’ C v v v v’ C gt
1—v
+=—aq, , (4-13-50)
,‘yvO-C
:v—o-ntgt +S.O.t.|.p
v C
1—v nu(2—wv v(l-v) . nu2—-v) . 1-v)o
), vy ey (v,
ca — 71)0-C 71) /YU ,YH ,YUO_C a
h +(1_U>a t (4-13-51)
t ’
,YUO-C
1—v )
:,y—o-ntat +t|p
v C
a.=\n +a,|a
e, =|n +al ,(4-13-49)
=n,a, +s.0.t.i.p
v v[nv(Z—v)—%] v
- n,— 1 zt+_zl,t
x.q. — 4 fyvo-C < _/U)fyv 71' a
o U[nv(Z—U)—%] « O v t
+ z,, +—2%g, — a,| (4-13-52)
(1 - U) /yu , /YUUC /YUUC
=— n.a, +s.o.t.i.p
/YL'O-C
1-v_ n2—v) v(l-v) . n2-v) .
V.0 t+ ~ Z, — ~ zl,t_ ~y zZ,t
CtCt: voC v v v Ct
(1-v)o,  (1-v)
_ g, + a, , (4-13-53)
71)O-C ,}/UO-C
1— n
:T;ntgt +s.o0.t.i.p
v C
1-v nu(2—wv v(l—-v) . nu(2—-v) .
n+ ( >zt— ( )ZM_ ( )zz,t
71)0-C 71) ,Yzw 71:
€efe = (1-v)o 1— i
_ g, +-——a, , (4-13-53b)
71;0-C IYUO_C
1_
:—Untzt +s.0.t.i.p
’Y’UO-C
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2—v)—7, z o,
v nt_U[UU( U) %]zt‘l‘v_zn
’)/’UO-C (1 - U) fyv 71’
Xy 12y = 2 Z;
U[nv( _U)_%] u Vo, g, — v a,| (4-13-53c)
(1 - U) ’yu ’ /7’1)0-(.' /7’1)0-(.'
= —Lntzt +s.0.t.i.p
IYUUC
va=lntala s g
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where we use Eqs.(4-11-6) and (4-11-7) to derive Eq.(4-13-36).
Now we calculate coefficients of  in Eq.(4-13-35). These are given by:
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follows:
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tH "

By Plugging Eqs.(4-13-36) to (4-13-39) and (4-13-54) to (4-14-58) into lines 3 to 7 in Eq.
(4-14-35), we have:
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By Plugging Egs. (4-13-40) to (4-13-53e) into lines 8 to 12 in Eq. (4-14-35), we have:
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Combinig Eqgs.(4-13-35a) and (4-13-35b) yields:
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(voo) " R © o 21-P)a, 2 |
) 2 2 I, Y,0.09,7
, Ty —(7,00) T, —(1-v) F13_T_U(1_U)F15 +m
B
_ na
(noe) |, @000 (1) B
(1-v)6, né

Let define:

I = 0,77,0¢
51 — (1_5>0_B ’

Iy, =0T, +(1-v)' Ty, +T,, Ty, +6,7,0.

L= <7uac )2 I, +u(1-v)l,
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r.,=v,06, —vn(Z—U)(l—U)ZFB —U[ZUU(Z—’U)—’}/U]FB

F55 = UU(Z - U) Y
I =2un(2—v)—7,
F57 = 71;@1 —un (2 - U) (1 - U)2F13 - UF56P15

1—‘573 = 7—@1%;06 - 2(1 - ﬁ) Og <U2P11 + FM)

F57 (1 B U) (1 - 6>UB + 1—\551—\573
° 2(1-v)(1-B)o,
F55U71)UC@2 + UUC711927] (1 B U)(z B U)
2(1-v)

r

r

59
Iy, EUZPH —I—(l—v)z r, —I—%—i—v(l—v)FlS —%

0cVo (7763 _ @2)
2

r

61

I (UZFM +1, ) +(1— U)Z un(2—v)T,

FGZ (1—U)

'y =70,7,0, [77(2 - U) - 71;]

(1 B U) (1 B ﬁ)o-B (ZFGZ + UF56F15) B I\63

b= 21— 0)(1—F)o,

008 [n2—v) -]
e (1-v)2

ro— 7,00, (1+7)

® 2(1-8)a,
r
'y = UZFM +U(1_U)2 L' +%+U(1_U)F15 L

’Y’UO-C 62
2

r

68
_ 2 2 2 1114
=Ty —v Pn_('%Uc) Flz_(l_v) F13_7_7)(1_U)F15

0, (’Yugc )2 Oc (1 + ‘P)
2

r

70
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Then, the previous expression can be rewritten as:

1 2v N
W[Fsz +P53]n1f2 _z—[rss _PSQ]ntZt _Z—[Fso _FGI]ntzl,t
v’ C v C v’ C
2 2
- [F64 + Fas] Lz[rm + P68]ntgt _—z[res) + F7O]ntat - (4-13-35¢)
’)/L c fyvo-C) (71’0-(:)
No P71ntét
v’ C
Plugging Eq. (4-13-35c) into Eq.(4-13-35) yields:
iﬂtEO P ), _vn(Z—v) 5
P — oz)ac 1—v
=0,(1-8) ' T, + 0,k T, + Oy, T
1 2 2v X
m[rsz + F53]”152 _Z—[Pss _P59]ntzt _72—0_[1—‘60 _F61]ntzl,t
+Ye v’ C v- C
2 2
_VZ—U[FM +F65]nt22 t _#[(1_04)1167 +F68]ntgt
o0 v C v’ C
+> B,
2 2+
=0 _—2[F69 +F7O]ntat 71 rCr M n,
<71)0-C) UO‘C 2
O,e |k, + © 1
42l e Tl L; d The +—26W<2 i) (e )2
P

+T, + T, +ti.p. +of[¢[)

which can be rewritten as:
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—~ )
l’E _
;ﬁ 0 (l—oz)ac Vi g

=0,(1-8) '@, + 0,5 ', + Ok, T

1 2
—2[F52 + Fsa + F72]"’? _Z—[Fss - FSQ]ntzt
fYUO-C ’UO-C
2 . 2 *
_72—3[1—‘60 _F61]ntzl,t _’_)/2—0_[1_‘64 +P65]nt22,t
OC v’ C v~ C
208 o 2
=0 o 2 [Pm + F68]ntgt _—2[P69 +P7O]ntat -
(’YUO-C ) (71;0-(.‘ )
© + 1
Sefurel oatea
P
+T,+7, +ti.p.
+olJ¢I")
wih 128w +e)(roe)
72 2

Plugging into Eq.(4-13-82) into Eq.(4-2-17) yields:
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1
2 [_Fsz _Fsa - F72]nt2
(FyUO-C>
2
2 [_Fss + FSQ]ntzt
’Y’UO-C
2v *
+— [_Feo +F61]ntzl,t
fyUO'C
2 *
+ 2 [_F64 _FGS]ntzz,t
71;0-(:
o 2
+ (7 Z_G >z [_Fm - FBS]ntgt
w=-Spel | o)
k=0 + 2 [_Fss _F7O]ntat
(7170-C>
2. (—1) -
Sl
71;0-(:
@2513 [H'p +SO} 2 0,¢, <1+ 90> w \?
- T — (ﬂ-H,t)
(1 — ()4)2/<;p 2
1-®)(1
L0-0)ary)
20, '
N g,(1-) ;t+€W(1+€W¢>(1_@>(Wlﬂ)Z
2K, (1-a)o, ™ 2K,0,

which can be rewritten as:
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I, -I,-T
Yo (1-)(1+¢) |
2

53 172

(F)/UUC )2 +

2

'Yiac 7’1)0-C
2 *
[_F64 - FGS]ntzz,t +

2

/yv UC ’-)/1; O-C )
2

i 20,

(71)0-6‘ )2 ’YUO-C
o0 +5p {(1—@)—92%["% +90]}7T2

H,t

o 2K,0.

+

2(—1)

+—[_F69 —I% ]ntat +—

£,[-0,(1+9)k,0, +(1+e,0)(1- )]

2K,,0.

I171nt<’t

w
ﬂ-t

In the previous expression, lines 1 and 2 can be rewritten as:
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—[_Fss + F59]ntzt +2—U[_F60 + F61]ntzl,t

2 [_F67 - Fes ]ntgt

i
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1 _Fsz - Fss - 1—‘72
2 2 _
Yoo (1—=@)(1+p) N
(IYUO-C )2 + . ( 2 )( ) t
T T r

5207 +53° 72

1 2
— 2 _
Yu0¢ (1_®)(1+90) n; —2n, o [—F67 —Fﬁg]

(71)0-(.' )2 + 2

Let define Q,=-I",, -, —

2
—[_Fss + F59]ntzt

2
f}/v OC

2v «
+2—[_F60 + Fsl]ntzl,t
71;0-C
2 .
+2—[_F64 - Fss ]ntZZ,t
fyUO-C

2
(7 ZG )2 [_Fe7 _FGS]ntgt
v C
2
+m[—reg —Tyna,
v C
2(—1 -
+ ,5 o >F71nt<t
v C
(_Fss + Fse) 7
2
’YUUC
et Tl
f}/UO-C
+ <_F642_ Fes) Z; t
’YUO-C ’

t

(71;06 )2
+ <_F69 - I‘70)
(/71)0-6 )2

t
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<_F58 + I‘59 )
oo
U(_Feo +F61) z*
720'6 ™
(_F64 B Fes) *
Q oo QO
° —n’—2n : =—20
(%UC )z t ‘oo, (—F67 _zrsg) g (%Uc)
(’YL'O-C)
(_Fsg B F70)
t
(vao-C)z
-1 .
+ ( ) 16
voC
Oc (_Fss + Fss)
Q, !
U(_Pso +F61)UC *
Q, 1t
(_F64 — D )UC *
Q 2t
_ —{n? —2n, °
(vaC) UG( F67 _Fe;s)
Q, ‘
(_Fss - Fm)
Q, !
-1 R
+ ,YUO-;_')( ) 1"71<*t
0
Let define:
Q0 = Oc <_F58 +F59>
1= Q.
0 = (_Fso + P61>UC
) = Q.
0 = (_Fezu - Pss)o-c
3= 0,
0 = Og (_Fm - Fss)
4= Q,
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v (_Feo + F61) S
2 1,t
’)/’UO-C
(_F64 B PGS) *
2 2,t
71)0'C
Og (_F67 B Fes)
2 9
(’Y’UO-C>
( F69 _ F70)
t
<71)0-C )2
+ (_ ) P7lé:t
v- C




and let define:
nt =0z, + vz, + Dz, +Q,0, +Qa, + 2, -

Finally, we have:

Q
(v . ) (pe=ri)
v C
= &, |(1-2)—0,0.(r, + )| ‘ 3
W==3 B+ T i, +s.o.tip.+o(J¢f)-
&[0, (1 9)r, 0 +(1+,9)1-P)], 0
" 2 2/4:2,06 <7va)
Let  define A Eﬂ A = i [<1_@>_@20C <H” —HD)] and
’ (7v0—€ )2 ’ ’{pJC
A, = i [_92 <1+¢>KWOC +<1+€W§0>(1_@)} . Then we have:

w

Hw UC

A o A A, v
g )

W:—iﬂtEt —|—s.o.t.i.p.—|—o(||§||3).
k=0

Based on the previous expression, we have:
A, . A A,
[ N7var(nt)—i—fvar(m,t)—l—?var(ﬂf"),

which is Eq.(42) in the text.
6 The NKPC and the Wage PC with Efficient Level

Eq.(3-1-34) can be rewritten as:
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wo__
My =W, =Py, —US, —@n, — ¢,
=W, —p +pt _pH,t —USs, —pn, —C
=W _<pH,t —pt)—vst —pn =G

=W, —en, —¢

*, (6-0)

with  w, EdV;/t/VI‘)/ being the real (consumption) wage. Under the flexible wage
t

equilibrium, 1" =0 is applied. Under that equilibrium, Eq.(6-0) can be rewritten as:

w; =pn; +c;, (6-1)

. e A~ e __ A
with w; =w, —w, and ¢, =c, —¢,.

Eq.(3-1-24) can be rewritten as:

mc, = Tt+Wt_pH,t_pt+pt_at_ T
1—7 1—7
1

= Tt+wt_<pH,t_pt>_at_ T

1—-7 1-7 (6-2)
= T, tw, — Xy, —0a, — 1 T ’

1— 7 t t Ht t 1— 1

1

1
:1 T, +w, +vs,—a, — T

-7 1—-7
where we use Eq.(3-1-7).
with s; =s, —5,.

Eq.(3-1-11) can be rewritten as:

s = ! c. — ! z ! z
10 " 1—v " 1—v Y
which can be rewritten as:

1 1 1 .
§F = — z. + z,..(6-4
1t 10 " 1—0 M (6-4)

under the efficient equilibrium.
Eq.(3-1-8) can be rewritten as:
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1 nm(2—v) U o

Ct:(l—v)acyt_ 1-v St_l—vzl’t_(l—v)acgt
1 C=v)(1 1 1 ) v . o,
_(1—v)acyt o l1—o" 1—vzt+1—vzz’t 1—o M (1—v)acgt ’
1 m(2—v)  n(2—v) v (2—v) . o5
= — C, + z,— zZ,,— zZ,, —
(1—U)O'Cyt (1—’())2 t (1—’(})2 t 1—’U 1,t (1—’(})2 2,t (1—U)O'Cgt

where we use Eq.(3-1-11). The previous expression can be rewritten as:

(1—v)" +1v(2—v) 1 nm(2—v) v« (2=v) .

2 G = r+ 2 4 2y — 7 Lot

(1_U> (1_U)Jc (1—?)) 1-v (1—U)
__ % |
A—v)o.

Then, we have:

2
Ct:(l—v) 1 , +77v(2—v)z v _nv(Z—v)z* % g

'YU (1—'U>O'C t (1—U>2 t 1—U 1,t (1—’0)2 2,t (1—U)O'C

1— 2—v v(l—v) . 2—0) . 1-v)o
_ UHW( )zt— ( )z“_nv( )ZM_( ) oy
’Y’U UC ryv ,Yv 711 ,711 UC

with v, =(1—v) +nv(2—v).

The previous expression can be rewritten as:

e 1—v , v(2—v v(l—-v) . v(2—v) . 1-v)o
R ) B et RSt RS ' PR
,yv JC 7 v ,yu 71) 71) UC

under the efficient equilibrium.

C

Eq.(3-1-26) can be rewritten as:
yte :nf +atl (6_6)

under the efficient equilibrium.
Plugging Eq.(6-6) into Eq.(6-5) yields:
e 1—v ., 1—vw nu(2—wv v(l=v) . nu(2-v) . l1-v)o
= nt + a, + ( >zr— ( >21,r_ ( )Zz,t_( ) ©g,.(6-7)
Yu0c YuOc Yo Yo Yo YuOc
Plugging Eq.(6-7) into Eq.(6-1) yields:
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. (6-8)

_gov,uac—f—l—vne_i_l—v n(2—wv) v(l-v) . nu(2—v) .

a, + Z,— Zyp — Zy4

’Y’I'O-C t ’Y(,'O-C ’7’1' ,Yu ,Yu
(1—U)UG
’YL‘O-C '
Plugging Eq.(6-7) into Eq.(6-4) yields:
1-v , 1-vw v(2—v v(l—v) . v(2—v) .
nt+ at—+_77 ( )zt_ ( )zl,t_f'7 ( )zz,t
e __ 1 ’yvo-C vao-C 71) 71} 71)
1-v| (1-v)o,

IY'UO-C

g

— zt + z;,t . (6‘9)

1—
_( v)og g,
’}/UO—C

Plugging Eqs. (6-8) and (6-9) into Eq.(6-2) yields:
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mct:@t+v§t+wf+vsf—at+1 [
-7 -7
=W, +US,
_i_go%ac+1—vnte+1—Uat+77U(2—v)2t_v(1—v)z;t_nv(Z—v)
YO YOc Yo Yo Yo
_(1_U)UG
’Y’HO-C t
1 n£’_|_ 1 at_f_nv(z_,v)_fyzr zt_izit_nv<2_v)_ﬁ)/v *
+U /VL‘O-C ,YL'O-C (17U)7L v <17’U)7L
_(1_U)UG
,7'1,'0-(_‘ t
1 1
—a, + T, — T
1-7 1—7
N N 1
=w, tvs, + T, — T
1—7 1—7
_ 2 —v)— _
+1+90%0cn5+77v(2 v)zt+v[77( v) ’YU]Zt_v(l U)Zi}——
f}/vac fyv (1 - U) ,YU 71,
wR-v) . vp-v)-7] . (1-v)o,
- 2t Zye —d — 9;
’Y’U (1—7})"}/1} 71:0-(:
=, +vs, + ! 1
- 17t 1—71 ‘

2—v)(1-— 2—v)— .
+1+sw,,0cnf+v{77( v)(1-v)+n(2-v) %’}zt—izu
f}/vo-C 71; (1 - U) 71;
v{n@2-v)+mR2-v)-v,} . (1-v)o,
- Y

7, (1-v) .0¢
=d, +vs, + ! T, — 1 T—at—I—Mnf
1-7 1-—7 Yy

vfn2-v)a-v)+1-7} o .

v, (1—U) Z; _'Y_UZU
U{n(z_v)[(l_v)"‘l]_%} . (1—v)o,
B Zyp —— G,
71? (1_U) 71:0’C
=, +us, + 1 T, — 1 T—at+—1+¢7"’acnf
1_7— 1_7- 7170-(.'
2 2
ope=vy 7] o . vpe=v - @),
i ——24,; — Zyy — 9.
/}/U (l_U) /YU /}/U (l_U) ’7'1,'0-C
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Then, we have:

mc, =&, +vS, + 1 T, — 1 T—at+—1+gm/”0€nf
1—7 1—71 Y.,0¢
. (6-15)
vn=v=v] . e -] L a—w)e,
Z, =2, — Zyr — 9;
Fyv (1_U) va fyv (1_U> FYUO-C

Adding the LHS of Eq.(3-1-12) while subtracting the RHS of Eq.(3-1-12) into Eq.(6-15)
yields:

2
vin(2—v) —7, \
mc, =, +vs, + 1 T, — ! T—at+1+gp%acnf [( ) }zt—ilt
1-7 " 1-7 Y, 7, (1-v) Y
=] ue,
va (1 - U) v FY’UO-C

+H)7t +y; —[(n—l)v(Z—v)-l—l](i —i—sf)—(l—v)zt —vz,, +(1-v)z, H

g

; ., 1 11 |
=&+ 9, +{v—|(n—1v(2—v)+1]}s +——r, ———r 4 T T e
1_7— 1_7— ’Y'u

—[(n—l)U(Z—U)Jrl]sf

vnE=v) =7 |7 @=v)  u@aq,) . vnE=v) =7 |- 0-0)
Z — 2y — 2ot
7, (1=v) 7, 7, (1=v)
_(1—1})06

t
71,'0-5

(6-16)

Now, we turn to Eq.(6-1) " =w, —pn, —c,. Plugging Eq.(3-1-26) into Eq.(6-1) yields:

:utw A +900t
:d\)t _Soyt _61“ +Wf—80yf _Cte +$0C’t

Plugging Eqgs.(6-6), (6-7) and (6-8) into the previous expression yields:
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gpyvac—kl—vne_l_l—va +771)(2—@) v(l-v) . (2-v) .

t t Z, — zl,t - zZ,t
w A ~ A 71)0-C ’yvo-C 71) 713 71)
My =Wy —@Y, — € +
_ (1_U>UG
71)0-C ‘

—(p(n: +at)

l1-v ., 1-v nu(2—uv v(l-v) . nu(2—-v) . 1-v)o
- nt_l_ at+ ( )zt_ ( )zl,t_ ( )zz,t_( ) th +(lpat

fyvo-C fYUO.C 71' fyv 71' VUUC

~ ~ A 7.0 +1-v e 1-v e e
:wt_gpyt_ct—’— < h, — h, —n,

’Vvo-c ’yl,'o-C
e
Then, we have:

/L:V = (Dt _99)7t _61*' (6'14)
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